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INTRODUCTION 


In this paper we propose to consider the Project Method and 
the Socialized Recitation from the point of view of their con- 
tribution to pedagogy in general and to the teaching of mathe- 
matics in particular. It will be necessary, naturally, to define 
these terms, and in defining them we shall find clues to the aspects 
of them that constitute their distinctive and valid contributions 
as well as to those aspects that we consider their shortcomings 

The Project Method and the Socialized Recitation may be de- 
fined as (1) a critique of current practice; (2) a psychology of 
learning; (3) a way or method of teaching. In all these respects 
the Project Method and the Socialized Recitation have made 
significant contributions to the thinking of teachers and edu- 
eators. 


I. THe Prosecr Meruop AND THE SoctaAuizEp RECITATION AS A 
CRITIQUE OF PRACTICE 

Current practice in teaching is still largely formal and there- 
fore lacking in vitality and appeal to the child. Subject matter 
receives emphasis, logical organization of it is the aim, and the 
adult world, of which the teacher is the spokesman, is the domi- 
nant consideration. As against these, the proponents of the 
project method insist on the fact that subject matter as such does 
not exist for the child and that logical arrangement is an adult 
interest and an acquired taste. 

The changes which the teaching of reading has undergone are 
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apt illustrations of the changes which ean be predicted for teach- 
ing in other fields. Logical consideration at one time pointed 
simply, clearly, and unequivocally to the fact that the child 
should be taught his alphabet first, that he should then be taught 
how to combine the letters into words, and that he should later 
be taught to combine words into sentences. Psychologically, of 
course, this was not the best method. For, first comes the sen- 
tence, nay the story. Prevailing methods in the teaching of 
reading have already incorporated this important consideration 

In most other work, particularly in high school work, the 
material is still subject matter, organized on a logical basis by 
experts in the subject matter. Textbooks in algebra are still 
in use which exhaust all possible cases in removal of signs of 
aggregation before proceeding to problems which involve sim 
ple parentheses; they give exhaustive (and exhausting) work in 
‘‘apartment house’’ fractions before they proceed to the solution 
of equations involving fractions, and so on. 

Only in very recent years has any thought been given to 
questions like the following: When is the child psychologically 
prepared to learn what the negative number is? What is the 
proper place, psychologically speaking, for introducing graphic 
work? When is the child ready to make some of the simpler 
geometric constructions ? 

We shall take up later the question of the extent to which 
secondary school teaching may begin reasonably to encourage 
and expect logical organization of subject matter. 

What is the result of forgetfulness of pedagogues concerning 
the nature of the child and of their predilection for formal or- 
ganization and presentation of material? The child is not en- 
listed in the task. The child does not identify himself with the 
school task. The teacher is the active partner; the child is a 
passive and indifferent observer of the process. An interesting 
indication of this fact is the way in which both school children 
and teachers refer to the extra curricular elements of school life 
as the activities. By implication, the school tasks are the pas- 
Sivities. 

This detachment of the child from his school tasks, the lip 
service which he often learns to give—by way of giving the 
teacher his due—has a bad pedagogic consequence which we shall 
consider at greater length in the next section. Here we wish 
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merely to refer to the dualism in the child life to which it leads 
and to the disintegration of personality in which it sometimes 


results. 

The child must see value in the task unless he has faith in the 
adult world and its representatives and in the deferred values 
which are inherent in the task. Often this faith is lacking, and 
often, too, the values are too long deferred. Then the school 
finds it necessary to resort to marks, promotion, and the other 
forms of currency. These the child has been known oceasionally 
to cireumvent or he has been as indifferent to them as to the 
tasks themselves. And sometimes the deferred values simply 
do not exist, to the extent which is claimed for the tasks. Teach- 
ers of mathematics will find interesting in this connection 
Chapter II of Thorndike’s Psychology of Algebra, which shows 
in what small measure the utilitarian values claimed for much 
of the work in algebra are realized. 

Finally we mention the fact that school work fails to furnish 
the basis that it should furnish for social coherence of the group 
in which the child finds himself. The school recitation, as we 
know it, is one in which the relation is a many-one relation be- 
tween pupils and teacher, one in which the many are an aggrega- 
tion of individuals, not a social organism. The child recites, the 
teacher approves in greater or less degree, the mark being the 


‘ 


index of the degree of approval. The pupil who is not ‘‘recit- 
ing’’ is interested only with reference to the chances of his being 
the next one called to the firing line. 

In defining the Project Method and the Socialized Recitation 
as a critique of current practice we have seen that proponents 
of them are critical of current practice because it is formal and 
unpsychologiecal, because it leads to unfortunate behaviors and 
attitudes in children, and because the school studies do not fur- 
nish the pupil with the needed basis for social coherence and the 
needed motive for identifying himself with the group. 

In short, the pupil is not inspired or prompted to identify 
himself with the school task with which he is faced or with the 
social group in which he finds himself. 


II. THe Prosect METHOD AND THE SOCIALIZED RECITATION AS A 
PsycHoLoGcy oF LEARNING 

Real learning is achieved only when it is done with all one’s 

heart and with all one’s soul—also with all one’s body. Learn- 
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ing is efficient only to the extent to which these conditions are 
met. The entire child, not just part of him, must be enlisted. 
It is now generally known that merely imparting information is 
not teaching and that mere receiving of it is not learning. There 
must be favorable learning conditions which will bring about a 
mind-set in the pupil, an active attitude in which his whole 
being is enlisted. The act must have purpose which is the pupil’s 
purpose; the end must be one which the pupil will regard as 
worth achieving; the plan must be one which the pupil regards 
as effective. The group with which the pupil works, if he works 
in a group, must be an integrated group of which he is a willing 
and cooperative member and of which the teacher likewise is a 
member. Under these conditions, the pupil identifies himself in 
his group and with his task. 

The mind-set thus achieved spells readiness, leads and inspires 

to persistent action, and enhances the chances of suecess. The 
resulting satisfaction produces deep-seated modification in be- 
havior. This is true learning. 
' The school teacher’s task is to find problems that are gripping 
and that will stimulate to purposeful activity. Learning through 
purposeful activity has as important by-products what Professor 
Kilpatrick calls associate learning and concomitant learning. 
By the one he means certain incidental skills, abilities and bits of 
information that logically belong in ‘‘subject’’ categories, and 
that should be so organized later. By the other he means atti- 
tudes towards life’s tasks—attitudes that should be characterized 
by a spirit of adventure, a readiness to face situations that are 
presented by an ever-changing world. 


Ill. THe Prosect METHOD AND THE SOCIALIZED RECITATION AS 
Ways or TEACHING 


The project method in the light of the psychology of learning 
to which it subscribes, aims to introduce favorable learning con- 
ditions, by which are meant conditions under which the pupil 
will easily and naturally identify himself with the task. Such 
conditions are conditions that most closely resemble life situa- 
tions as the child sees life. 

Here we refer, in passing, to the possibility of a contradiction 
in terms and therefore differences among school and teachers in 
the interpretation of the project method, depending on which of 
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the two contradictory terms is the more clearly held in view. Is 
the child life the real life or are the adult ways the real life which 
the schools are to simulate? Some, seeing in the schools only 
a means of preparing the child for worthy adult life, would 
have the school a miniature adult world in which the children, 
practicing in the ways of the adult world and exercising a 
certain amount of self-direction in play and in work, will become 
prepared for real adulthood in a real, adult world. Others, on 
the contrary, insist that worthy child life makes for worthy 
adult living. It is the child’s interests in the world of childhood 
and active self-direction in things that appeal to children without 
reference, in the early stages, at least, to deferred values and 
purposes, that will tend to give the child a sense of significance, 
a sense of personal worth, and a feeling of real worthwhileness 
of it all—and thereby an integration of aim and purpose that 
makes him a person. 

Both interpretations have shown results that are gratifying 
to their proponents. In schools which essayed either method, 
the reports indicate, children have found the school real and 
school life worth living. In both, the children have identified 
themselves with the school tasks. 

There are types of projects the character of which it is im- 
portant to realize in order to avoid dangers to which we shall 
refer at length later. Professor Kilpatrick distinguishes the 
following types of purposeful activity: 

1. Producer’s Project.—In mathematies one instance of pro- 
ducer’s project would be the learning of square root (as reported 
by a school) by a pupil who wanted to learn how to compute the 
length of beam needed for a sloping roof of a shack which he 
was constructing. 

2. The Consumer’s Project.—Here the purpose is not beyond 
the present moment. Some object is to be produced for its own 
sake. Such was the work of Shanks when he computed the value 
of z to 707 places. Such might be the project of a child who is 
interested in making magic squares. Such also is that of a little 
girl of ten who wanted problems given to her because she likes 
to see how numbers ‘‘behave.’’ (The significant word ‘‘behave’’ 
is hers. ) 

3. The Problem Project.—Here the individual enters upon the 
solution of an intellectual difficulty—one which may or may not 
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have application beyond the present, but which unsolved is for 
the individual a refined irritant. For Gauss the so-called im- 
aginary number was such an irritant. For the child in the 
junior high school the problem of summarizing group charac- 
teristics can be such an irritant and stimulus to activity, to the 
extent that he may want to learn about the statistical methods 
which have been evolved for the purpose. 

4. Finally, the Skill Project —Because of some other end which 
the individual wishes to realize, he may be willing to subject 
himself to a discipline whereby he will acquire a skill which is a 
means toward realizing that end. Quicker and more accurate 
ways of adding, not interesting in themselves, are made worth- 
while as a means of satisfying work in statistics. Changing the 
subject of a formula can be interesting on its own account, and 
comes under the projects referred to as problem project. But 
skill in the solving of equations is necessary to this end though it 
often fails to enlist pupil activity. However, when a reasonable 
standard of skill is suggested by the teacher to the pupil (reason- 
able from the point of view of the pupil’s age and capacity) the 
child is in a position to know the limits to which he may expect 
to go and has a means of measuring his own progress. The 
recently devised practice tests in all fields serve this purpose. 
The exercises devised by Schorling, Clark and Lindell, and by 
Smith, Reeve, and Morss are examples of them in the field of 
mathematics. 

We see that the Project Method demands of the teacher that 
he organize his material shrewdly into gripping problem mate- 
rial, and that the four types of project, if the division be valid, 
make it possible for the teacher to bring in much material which 
would be excluded if he limited himself to the narrow interpre- 
tation of the real and the concrete. For the teacher of mathe- 
matics the suggestion is that mathematics be regarded increas- 
ingly as a way of dealing with reality, since number and neces- 
sary conclusion are aspects of reality in the phenomenal world 
and in the world of thought. 

The limitations of this article make it impossible for us to deal 
at this time with Professor Kilpatrick’s notion that arithmetic 
and other abilities or knowledges are pieces strewn along the 
way of experience as obtained through the project. Professors 
Bagley and Thorndike have pointed out the dangers of a naive 
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reliance upon such piece-meal and patch-quilt learning of the 
arithmetie or of developing any ability. 

The Socialized Recitation, as we have seen, has as its object 
the self-identification by the pupil with his social group. We 
wish to consider briefly the need for such _ self-identification. 
From the point of view of a better schooling it is necessary. 
Says Professor Dewey :* ‘‘I should like at this point to refer to 
the recitation. We all know what it has been—a place where 
the child shows off to the teacher and the other children the 
amount of information he has succeeded in assimilating from the 
textbook. From this other standpoint the recitation becomes 
preeminently a social meeting-place; it is to the school what 
spontaneous conversation is at home, except that it is more or- 
ganized, following definite lines. The recitation becomes the 
social clearing house, where experience and ideas are exchanged, 
and subjected to criticism, where misconceptions are corrected, 
and new lines of thought and inquiry are set up.”’ 

The need for a change in the school is but an index of the 
larger need. It is becoming increasingly necessary for the in- 
dividual to be at home in groups with the members of which he 
has little of the superficial aspects in common. Populations shift 
more easily, so that the adaptation of the individual must not be 
in a too narrowly cireumscribed area or too small a group. The 
annihilation of time and space as achieved by advance in tech- 
nology has given the individual a greater and more varied num- 
ber of neighbors at his very door. For these reasons more and 
faster social bonds are necessary, and the capacities for creating 
them must be realized wherever and whenever these capacities 
ean be exercised. The school house is both an opportunity and 
the oeeasion of a duty in this direction. 

In the socialized recitation the pupil is not addressing his re- 
marks to an inquisitionally minded teacher. He is addressing his 
remarks to the group of which both he and the teacher are mem- 
bers. The criticism of the pupil’s presentation comes from the 
members of the group, of whom the teacher is but one, although 
in truth and, properly, a very (and often the most) influential 
member. In fact, the pupil does not recite in the traditional 
question-answer method, the child is an expositor. His reward is 

1 Dewey, John, Twenty-sixth Yearbook of the National Society for the 
Study of Education, Part II, p. 177, 
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the exercise in giving an exposition and the correction or appro- 
bation which his mates vouchsafe the exposition. 

The problems themselves are often the outgrowth of a large 
project or purpose which has its origin in the group. The pur- 
pose may thus be a collective one. The carrying out of the 
project is therefore social, although, as is often the case, aspects 
of it are dealt with by sub-groups or individual members of the 
group. Purposes and experiences are shared. 

Through such collective endeavor the individual grows along 
one of the most precious and most needed of directions. He 
acquires knowledge or skills which are, of course, important. 
More important, however, is the manner in which he acquires 
knowledge and skill, for it is the ways of learning which will be 
the permanent possession. 

The child who has lived the school life in which purposive 
learning is the dominant activity will continue to learn even in 
the absence of the traditional school agencies and agents; the 
child who has shared experiences with his fellows in the realm 
of school activities will find such sharing normal in his adult- 
hood. The counting house ethics, which dominates the school 
room in which the child purchases the good will of the teacher 
through recitations that are satisfactory to the teacher, must be 
replaced by a social ethics so that the peculiar abilities of each 
member may be realized and valued as precious contributions to a 
collective endeavor. 


IV. CriricaL EstiMatTEe OF THE Project METHOD AND THE 
SoOcIALIZED RECITATION 


The emphasis on the need for purpose in learning and of a 
socialized milieu for that activity is no small contribution to 
pedagogy. It is, on the contrary, of vast significance. It brings 
home once more to the teacher the truth that the child is the 
starting point of the teaching process and the realization of his 
capacity for growth is the end or aim. Systems and individuals 
that give thought to the question which is thus raised cannot but 
be vitalized by coming thus at grips with the basie problem in 
educating. 

In what we shall now say concerning the project method and 
the socialized recitation we ask the reader to understand that 
it is in the interest of a clearer comprehension of what we deem 
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to be their essentially valid contributions that we call attention 
to some of their limitations. 

1. We must not interpret purpose in too narrow a sense. In 
his ‘‘How We Think,’’ Professor Dewey tells us: ‘‘It does not 
pay to tether one’s thoughts to the post of utility by too short a 
rope.’’ Purpose must not be too narrowly utilitarian. We 
must not insist that our children wear blinders in their way 
through the school world. 

Children have intellectual interests. We must bear in mind 
the four types of projects which Professor Kilpatrick distin- 
guishes for us. Schools and teachers have been known to see 
only some tangible, palpable construction such as a house or a 
dress or a store as a project. Children have intellectual interests, 
and though this perversion may be the consequence of association 
with unregenerate adults—they sometimes do want to learn in 
order to know. Such learning has high retentive value, as Pro- 
fessor Bagley points out. 


9 ’ 


in the school world 
we are in danger of making too acceptable to the growing gen- 
eration much that unhappily is but that ought perhaps not to be. 
There is danger that the school may thus become an instrument 


In attempting to simulate ‘‘reality’ 


for perpetuating the status quo, whereas it would be more truly 
deseriptive of the purpose of the school to make it an agency for 
a progressively changing society. Through the schools society 
should attain higher and better levels of living. 

3. The end in view sometimes undergoes changes in character 
while we are in the act of working to attain it. Sometimes it 
changes merely in that it becomes more clearly defined in terms 
of material and limitations. Sometimes it changes entirely in 
character as the material and the activity give intimations of an 
end more comprehensive and more desirable. Sometimes the end 
attained proves—and it is well that it prove—to be but a step 
toward a goal beyond. 

4. It is not always possible and it is not even always desirable 
that the purpose originate with the children. On this score, 
Professor Dewey ' has this to say: ‘‘There is a present tendency 
in so-called advanced schools of educational thought to say, in 
effeet, let us surround pupils with certain materials, tools, appli- 
ances, ete., and then let pupils respond to these things according 


' Dewey, John, loc. cit., p. 173 et seq. 
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to their own desires. Above all, let us not suggest to them what 
they shall do, for that is an unwarranted trespass upon their 
sacred, intellectual individuality, since the essence of individual 
ity is to set up ends and aims. 

‘*Now, such a method is really stupid. For it attempts the 
impossible, which is always stupid; and it misconeceives the con- 
ditions of independent thinking. There are multitudes of ways 
of reacting to surrounding conditions, and without some guidance 
from experience these reactions are almost sure to be casual, 
sporadic and ultimately fatiguing, accompanied by nervous 
strain. ... Moreover, the theory literally applied ‘ould be 
obliged to banish all artificial materials, tools, and appliances. 
Being the product of the skill, thoughts, and matured experience 
of others, they would also, by the theory, ‘interfere’ with per- 
sonal freedom. 

‘*. . There is no spontaneous germination in the mental 
life. . . . If the teacher is really a teacher, and not just a master 
or ‘authority,’ he should know enough about his pupils, their 
needs, experiences, degrees of skill and knowledge, ete., to be 
able (not to dictate aims and plans) to share in a discussion of 
what is to be done and to be as free to make suggestions as any 
one else.’’ 

5. Some topics and perhaps some subjects do not lend them- 
selves to treatment in a Socialized Recitation as that term is 
usually understood. Particularly is this likely to be true in 
mathematics. Only a rich background makes it possible for an 
individual or a group to introduce to another individual or 
group the concepts in their mathematically accepted sense. A 
subject in which the tools themselves are the object of study 
as distinguished from one like literature or geography or history, 
where the tools are the ability to read and the books which econ- 
tain the material—is necessarily one that must be introduced 
carefully and precisely at the very beginning. Errors in the ini- 
tial steps become hopelessly cumulative in their effect later. An 
instance of what we mean is furnished by the narrow and mis 
leading use of terms like fraction, invert, transpose, cancel. Only 
the teacher who has given thought to experience in this connec- 
tion can anticipate the possible sources of error and consequent 
mischief, and can lead to avoidance of them by carefully designed 


practice in the correct usages. These ‘‘correct’’ usages are often 


the outgrowth of centuries of race experience and experimenta- 
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tion. We must not expect the child to repeat in his short span 
of school life the entire history of the race in all its details. 

6. There is the danger, already manifest in much of the litera- 
ture of the ‘‘ progressive’’ or ‘‘new’’ education, that unreasoning 
taboos and conditions of orthodoxy may be established. Of these 
taboos a significant one is against subject matter as such. So 
fearful are the ‘‘new’’ educators of the abuses to which single- 
minded devotion of schools to logical organization has led in the 
practice of teaching, that they would discard logical organization 
of material altogether. It is not necessary, it is not reasonable 
to go all the way in this rejection of systematization of knowl- 
edge. With children of elementary school age it is well to avoid 
abstractions which threaten to become verbal substitutes for ex- 
periences which they should first acquire. But children of 
junior and senior high school age need some organization of 
their experiences. These schemes of organization may indeed 
be different from the schemes that are used by research workers 
in the universities. We now speak of general science instead of 
speaking of biology, or botany, or chemistry in the work of the 
junior high schools. Similarly, general mathematics is the name 
of the mathematical material of some of the junior high school 
grades. Of the organization of material there is need. Not only 
that, but the assembling and the organizing of the material on 
some logical basis is a worthwhile educational experience for 
children of high school age. 


V. CoNcLUSION 

We do not wish in this study to conclude with a note of adverse 
criticism. We prefer to stress the contribution which these 
methods have made in school procedure. Through daily living 
on a high plane, through daily living of an integrated life, 
through daily realization of significance in tasks assumed and 
carried through to meaningful conclusions, the child is to be pre- 
pared for adult life on a high level of creative endeavor and 
courageous attitude toward an ever moving and never arriving 
world. By responding to the best that these methods offer, 
the teacher is rejuvenated through a keener sensitiveness to 
the problems with which his pupils are wrestling, and is ennobled 
through the effort to evoke such fineness as is latent in the young 
people with whom he is associated—no mean reward, and one 
which is the teacher’s unique compensation. 
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THE FORMULA IN SECONDARY EDUCATION 


By O. H. BIGELOW 


Whitewater, Wisconsin, State Teachers College 


We all know that due to external pressure the Mathematical 
Association of America appointed a committee called the Na- 
tional Committee on Mathematical Requirements and that this 
committee made recommendations for the reorganization of 
mathematics in secondary education. Through external pres- 
sure, I say, this was brought about; for either mathematicians 
were too near to be able to focus on the large defects that ap- 
peared to outsiders or were too busy amplifying and extending 
the knowledge brought down from the ancients to realize that 
times were changing and that if we were to give every child 
a high school education, we must use a different procedure from 
that of the old world where only a select class receive a broad 
education. 

With the report of the National Committee there came the 
greatest upheaval in the field of algebra. This consisted in de- 
leting the technique and in changing the arrangement and 
presentation of the remaining facts. Some authors made the 
equation the basis for all work in algebra, others the graph, 
and still others used the formula as the foundation for the whole 
structure. It is with the last that I wish to thrust in my humble 
oar. 

Mathematical truths always have two sides, ‘‘with the one 
they face and have contact with the realities of the world. 
With the other they face and have relations with one another.’’ 
The history of mathematics is a tale of ever-widening develop- 
ment on both of these sides. There have always been eras of 
demand for the distinctly and purely practical and eras in which 
the theoretical was uppermost. These are exemplified by the 
Egyptians for the former and by the Greeks for the latter. But 
these different currents of progress must not be thought of as 
independent streams. They are rather two currents running 
side by side in the same stream some times meandering a little 
442 
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way apart, ‘tis true, but always combining to form the mighty 
rapids. 

Thorndike, in his ‘‘ Psychology of Algebra,’’ says: ‘‘The main 
service of algebra, as the psychologist sees it, is to teach pupils 
that we can frame general rules for operating so as to secure 
the answer to any problem of a certain sort, and express these 
rules with admirable brevity and clearness by literal symbolism.’’ 

In accordance with this view, algebra should be introduced 
to the young pupil as a symbolic language specially adapted for 
making concise statements of a numerical kind about matters 
with which he is already more or less familiar. Earliest les- 
sons should teach the use of the formula, illustrations being 
drawn from the ‘‘Engineer’s Handbook,’’ ete. A little later 
comes manipulation to find truths not perceived before. Pupils 
should be made to feel that formulas and manipulation always 
refer to realities beyond themselves and that we are not manip- 
ulating formulas just to show that we can do so. It is not neces- 
sary to say that incompetence in mathematies and distaste for it 
nearly always comes from the neglect of this fundamental teach- 
ing principle. Even in the case of those who have a natural 
fondness for the technique of mathematics, the same neglect 
often leads to an astonishing blindness to the real significance 
of mathematical ideas and operations. 

T. Perey Nunn, the great English mathematician, has this to 
say: ‘‘Algebra regarded as generalized arithmetic should have 
no formal beginning. As soon as the child, who sees the teacher 
write upon the blackboard: area = length times width, can trans- 
late this into the words: ‘‘To find the area of the floor I must 
multiply its length by its breadth,’’ he has without knowing it, 
already begun his study of the subject. What the teacher has 
set before him has the two characteristics of a formula: (1) it is 
a statement of a general rule applicable to any one of a definite 
class of problems and (2) the statement is expressed in a con- 
ventional form chosen for its properties of conciseness and ready 
comprehensibility. By his twelfth year lessons in arithmetic 
and science should have afforded the pupil abundant opportunity 
of learning to write down and use simple formulas of this kind.”’ 

It can not be denied that formulas have these distinct ad- 
vantages over the written rule. (1) Words and phrases as the 
vehicles of ideas are replaced by symbols with a consequent gain 
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in clearness and conciseness. (2) A formula, consisting of an 
arrangement of symbols, is free from the ambiguity which often 
besets the arrangement of verbal units into a sentence, and is 
besides, a more effective vehicle of a complicated meaning. 

Formulas must of course never be used unless the pupil clearly 
understands the processes which they prescribe. In other words 
he is entitled to use a formula only if it represents genuine re- 
sults of his own thinking. He may then with advantage write 
it at the head of his calculations as a memorandum of the process 
which he intends to employ. Used in this way, the formula 
makes for greater clearness both of the pupil’s thinking and of 
his written statements. 

The use of words in an abbreviated form, supplies a natural 
transition to the stage where we replace the phrases of a verbal 
formula by single letters. The use of single letters can best be 
explained by teaching the class to regard formulas as shorthand 
memoranda of the rules which they have already established in 
the course of their work and are constantly needing. The prin 
ciples of this shorthand are to represent such constantly recur 
ring words as multiply, divide, square, and the like by conven- 
tional symbols and to reduce other words or verbal expressions 
in the full statement of the rule to single letters, chosen so as 
to suggest those words or expressions as readily as possible to 
the reader of the memorandum. Reducing Area to A, rate of 
interest per annum to r and so on. When the verbal statement 
of the rule contains a numerical constant, the practice of plac- 
ing it before the literal symbols must be taught. Thus, the rule 
for area of a triangle is, in accordance with this convention, to 
be written neither in the form A—al4b nor A—ab4, but in 
the form A= tab. We can say that it really means the same 
but seems more awkward to a person used to writing it the other 
way. 

Whenever the subject of formulas is approached, the method 
should be somewhat as follows, say for the area of a rectangle: 
If necessary we should develop the fact that the area is equal 
to the number representing the length multiplied by that repre- 
senting the width because one is the number of square units 
in a row and the other the number of rows. Then we may say 
to the class, ‘‘ We may now write the rule on the blackboard but 

it is unnecessary to write every word in full; for you will have 
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no difficulty in knowing what I mean if I shorten it down to the 
following: area of rect.—length * width.’’ Also to say to 
them: ‘‘There are a great many persons who have constantly 
to make use of notes of this kind. They are such people as en 
gineers, who have to keep notes of all sorts of rules in regard 
to weights which their materials will bear, ete.; electricians, ar- 
chitects, sailors, ete. Some of their rules are so complicated 
that their notes would be very cumbersome even if they shortened 
the words down to vol. for volume and ht. for height, ete., and 
employed symbols such as (equality sign) and X (times). 
They therefore find it necessary to use a kind of shorthand in 
which they can express their memoranda much more briefly 
even than that we have expressed the rule for finding the area 
of a rectangle.’’ Someone in the class will suggest using ‘‘ A’ 
for area of rectangle and / and w for length and width respec- 
tively. The rule is now A / x w, but if we make up our 
minds never to use more than one letter to represent a word 
or group of words, the formula may be shorter still. We can 
agree to indicate that two numbers are to be multiplied together 
simply by writing the letters which are the shorthand descrip- 
tions of them side by side. Upon this plan our formula becomes 
A=Ilw. Such a formula is, remember, a shorthand way of 
writing down the sentence, ‘‘The area of a rectangle is obtained 
by multiplying the length by the width.’’ ‘‘Is obtained by’’ is 
equivalent to ‘‘equals’’ while multiply is implied by the fact that 
the letters are written side by side. If it is necessary to make 
clear in your notebooks what words the various letters stand for, 
it is best to write as follows: A area of rectangle, ete. 

At this point a great deal of practice should be given to ex- 
pressing in shorthand, a great many rules of arithmetic, men- 
suration and elementary science. Perhaps the method I have 
described with the rectangle may be abridged or not necessary 
at all with some particular group but there should be some 
introduction of the sort and generally it is necessary to take 
some time even in the ninth grade to discuss the difference be- 
tween area of a rectangle and its perimeter. 

Notice that nothing is said of an equation but that the formula 
is merely a shorthand transcription of a verbal rule or other 
statement. At this time it is hardly possible to lay too much 
stress upon the importance of cultivating a neat and orderly 
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way of setting down the steps in an algebraic argument. A 
piece of algebraic symbolism should be as capable of straight- 


forward and continuous reading as a passage from a newspaper. 
To achieve this end the teacher will find it a sound rule never 
to permit a line to contain more than two expressions connected 
by the sign of equality and to insist upon the pupil’s setting the 
signs of equality, in successive lines of the argument, directly 
underneath one another. We often see statements such as this: 
The pupil is to multiply 32 by 56 and divide by 9 and he says, 
32 X 56 +9 = 32 X 56 — 1792 -— 9 = 199 1/9. 

There is a great deal of discussion as to whether the formula 
or the graph should be taught first. It is obvious that the graph 
shares many of the properties of the formula. Like the formula 
it ean be used to bring out and express the law which underlies 
a number of concrete numerical facts. Like the formula it de- 
livers its message in a form readily taken in by the eye; but it 
is inferior to the symbolic formula in many respects. Its ac- 
curacy depends largely upon mechanical or non-intellectual con- 
ditions such as the skill of the draftsman and the exactness of 
the squared paper. It is less compact and less easily repro- 
duced. Its message is frequently inarticulate and obscure. For 
these and similar reasons it should be regarded as a subsidiary 
algebraic instrument which does its duty best when it either 
leads up to a formula by which it may itself be superseded, or 
serves to unfold more fully the implicatons of the formula whose 
properties have been only partially explored. 

But graphic methods were employed as an effective instru- 
ment of mathematical thinking before algebraic symbolism had 
been developed beyond the rudiments. Thus, the Greeks who 
never succeeded in producing a satisfactory algebraic method, 
yet performed analytic feats of high importance with the aid 
of graphic forms. The superior vividness of graphic modes of 
expression suggests the conclusion that the young pupil should 
be taught their simpler uses before he makes acquaintance with 
the harder though more powerful instrument, the formula. We 
all know that a child will express himself in pictures long before 
he has learned to command the more abstract medium of written 
words. My point is this then, that in seventh or eighth grade 
or in both, some graphic work should be given as of simple in- 
terest, cost of articles at a given price each ete., then at the be- 
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ginning of the ninth year, the formula should be taken up in 
connection with the graph. 

In connection with graphic representation, I think we should 
always encourage the child to draw a picture when practicable. 
If he draws a rectangle, he ean searcely fail to realize what the 
perimeter is equal to, if he knows what that word means. 

Formal work in algebra—as distinguished from the incidental 
use of symbolism in arithmetic and elementary science—is here 
planned to begin with lessons intended to cultivate the formula 
as an instrument of mathematical statement and investigation. 
When it is considered how essential is their use in a vast range 
of trades and professions—from plumbing to dreadnaught build- 
ing—it is hardly extravagant to say that facility in the working, 
interpretation, and application of formulas is one of the most 
important objects at which early mathematical studies can aim. 
A beginning at this point therefore, secures the tactical advan- 
tage of giving the pupil his first view of the subject on its most 
obviously useful side. 

The cultivation of the formula involves four distinct elements: 
(1) practice in analyzing arithmetical processes and rules of 
procedure; (2) practice in symbolizing the results of analysis; 
(3) practice in interpreting given pieces of symbolism; (4) 
practice in substitution. The first two constitute the art of 
formulation; the second two the art of using formulas. It is 
advantageous to give separate study to these two sides of the 
work. 

In some examples it is well to give a numerical example be- 
fore demanding a formula. This is of course intended to help 
the pupil to formulate the essential rule. In other cases where 
he ean not formulate the rule without such an instance, he 
should invent one for himself. The numerical example should 
not be worked out but should be set down in such a way that 
all the steps involved in obtaining the result are clearly ex- 
hibited. As a rule these steps will be taken one by one without 
any clear consciousness of the plan of procedure as a whole. 
The pupil should then analyze the work so as to make himself 
clearly cognizant of the details of the general plan, apart from 
the particular numbers in which, in this case, the plan is realized. 
The formula is, as we have already seen, nothing more than a 
statement of the plan in accordance with a conventional system 
30 
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of symbolism. The formula obtained by analysis is of course 
not a description of the special case. The special case is used 
merely as a challenge to the pupil to formulate the procedure 
which he would be bound to adopt in any ease. As he gains 
experience it should become less necessary to begin with a nu- 
merical example. At each step in the evolution of the formula, 
he should determine what he would do next if he were concerned 
with a particular case, and should write down, symbol by symbol, 
his statement of procedure without needing to have the special 
case as a whole before him. Finally he should cease to be con- 
scious that he is making any appeal at all to numerical instances 
and should handle his symbols exactly as if they were figures. 

This principle is of quite fundamental importance, viz. that 
in the algebra lesson the pupil shall always feel that he is face 
to face with something in the real external world and that his 
business is to give in symbolism an account of its behavior in 
its numerical aspect. The teacher should keep this prominently 
before him at every stage. Thus, whenever the facts underlying 
an example are unfamiliar, something should be done to make 
them more real to the class before the analysis is attempted. 
At this stage one should of course avoid cases where it would 
be necessary to make use of signed numbers. 

It is well to have some formulas translated into verbal terms, 
being careful to have a ready and exact rendering. But a 
greater need is to cultivate the art of substitution. The meaning 
of substitute is clear to all children by referring to the substi- 
tute on a football team. Here is where the care should be 
shown in setting down results as mentioned before. Formulas 
should be chosen as much as possible for the interest of their 
subject-matter as well as for their value as exercises in substitu- 
tion. This is not difficult, for the symbolic forms which have 
most frequent practical use naturally offer the most profitable 
field for exercise in substitution. Many examples in substitu- 
tion can be obtained from Mechanical, Civil or Electrical En- 
gineer’s hand books. In some eases the formulas admit of simple 
practical applications. A few such applications will do more 
to illustrate the value of algebra than many formal lessons. The 
teacher should, therefore, make as much of these as possible. 

The next step is the manipulation of the formula or ‘‘gaining 
control of the formula.’’ It has been charged that textbooks 
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in the past have devoted too much space to puzzle problems 
and the solution of equations. Nevertheless it would be bad 
practice to ignore the pedagogical value of the conundrum. In 
all its varieties—from the riddle to the tragic mystery—it may 
be a powerful stimulus to intellectual activity. Thus, some au- 
thors have a page now and then devoted to recreational material 
based upon the attraction of the conundrum. This attraction 
may be used to beguile the pupil into study of processes which 
are immediately put to a more serious use, that of leading him 
from old truths to new by infallible mechanical processes. Us- 
ing certain rules or axioms, any letter which enters into the 
formula, can be solved for or as Professor Nunn says can be 
made the ‘‘subject of the formula.’’ The first work of this na- 
ture need not be based upon any axioms of equality. The 
teacher can merely take a simple formula like A = bh and show 
that b would equal A/h from the fact that if a number is the 
product of two other numbers then when the product and one 
of those numbers is known, the other number can be found 
by dividing the product by the known number. Here it may 
be wise to give a numerical illustration as a basis for the reason- 
ing. The more difficult manipulation of formulas should be 
deferred until after fractions have been studied. 

It should be explained to the pupil that the object of chang- 
ing the subject or one of them is to save ourselves labor. That 
a condition might well arise where one should have to find an- 
other part of the formula instead of the one solved for first. 
That if this part was to be sought enough times, it would save 
time to have it changed to the subject. This is an illustration 
of the ‘‘economy of thought.’’ Some author has said, ‘‘Civili- 
zation advances by extending the number of important opera- 
tions which we can perform without thinking about them.”’ 

It is my idea that the word equation should be avoided until 
this point in the course. We have now had practice in formula- 
tion and substitution and are ready for work leading up to gen- 
eralization. This can be done by having tables of numbers ar- 
ranged in pairs and asking the class to discover the relationship 

25 7 
between the various pairs, as 4 25 49 ete. This will il- 
lustrate that we do not need to know what the numbers represent 
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but that the relationship holds just the same. One row ean be 
ealled ‘‘X’’ and the other ‘‘Y.’’ Then it is not hard for a ma- 
jority of the class to see that Y — X? expresses the relationship 
and we have a generalization, which is true for whatever XY and 
Y might be appropriately applied to; as the side and area of a 
square respectively, etc. Now we may call the generalization 
an equation and explain the difference between equation and 
formula on the basis of whether we are just stating a relation- 
ship between numbers regardless of what they stand for; or 
whether we are stating a rule in shorthand for working a certain 
class of problems. The pupil should generally work out a par- 
ticular case of the puzzle and should then analyze his solution 
and put it into symbols. On the other hand if he is able to 
write down his analysis without previous consideration of a 
particular case, he should of course be encouraged to do so. 

I do not wish to enter into a lengthy discussion of the best 
method of leading up to rules for changing the subject, whether 
you call them rules or axioms. There are some who advocate 
working out rules of procedure from simple numerical illustra- 
tions arguing thus: If a boy is told that when seven is added 
to a certain number the sum is twelve, he will at once state that 
the number was five. It will not be pretended that he reaches 
this result by reflecting that if equals be taken from equals 
the remainders are equal nor that if he could not reach it unaided 
an appeal to that axiom would help him to conviction. Children 
can solve such concrete riddles years before they can appreciate 
the abstract axiom. It is argued that the pupil will see that the 
solution of this problem ‘‘take seven from twelve and you 
have the other number’’ is perfectly general, so that whenever 
he meets ‘‘X plus some number equals some other number’”’ 
he will need to subtract the first given number from the second 
given one to find the unknown. Similarly for the addition of 
a number. It seems to me that this just amounts to obtaining 
rules for transposition, a term which we avoid until later in the 
course. 

Then there is the well known method of the scale pans or 
balances to teach the operations that may be performed without 
changing the balance or equation. This method, however, is now 
questioned by some authorities. 

It is not for me to judge but it seems to me that it requires 
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a more mature mind to arrive at generalizations leading to mere 
rules while the latter method can be grasped by anyone. This 
will give the pupil something concrete to reason with for the 
time being and later he can formulate rules for transposition 
as we call it at that later time. 

When we take up more difficult types of formulas to change 
the subject, it should be pointed out that a very great use can 
be made of it. Given the formula 


nE 


i nr + R 





which can be obtained from an electrician’s hand book. This 
can be changed to 


E_R or R=n(G-r). 


r==> 
iy n 


Now the important thing here is that I may be so gravely 
ignorant of electricity that the origina! formula is meaningless 
to me, yet I shall be quite certain that if the original formula 
was valid, the formulas I have derived from it are equally valid. 
In this way it is possible for me to discover electrical facts of 
which my friend the electrician (who though an excellent prac- 
tical man is, perhaps, but an indifferent algebraist) was actually 
unaware. Of course it will require his practical knowledge to 
give meaning to my discoveries. 

Another use of the formula may be shown, viz.: that of uniting 
two fractions with monomial denominators. It ean be shown 
by using simple fractions as 


1,1 443 
3 74> 2 


that S the sum of the two fractions 


1 1 b+a 
“a ab 





is perfectly general and can be used as a formula. To get the 
sum of a/b and c/d, it should be brought out that the fact that 
we do not know what words the symbols stand for does not 
hinder us in the least, for we know that the right hand symbolism 
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deseribes the sum of two fractions; a and c being the numerators, 
b and d the denominators. The steps involved in the arith- 
metical calculation must therefore be those deseribed by the 


steps: 
e, 4 _ ad + be 


Pests or 2. 


and could be described in words if we wished. 

After the study of fractions and uses of parentheses some 
further time should be spent upon formulas involving such vari- 
ables as time, rate, and distance; formulas of the levers; more 
diffieult problems of area, perimeter, ete., as a cumulative re- 
view to fix the principles involved. 

In connection with the trigonometric functions tangent, sine, 
and cosine which I think we are all agreed should be taught in 
connection with secondary mathematics, after the ratios have 
been taught as ratios, I think there is a growing tendency to 
teach the solution for particular sides of triangles by formula. 
For instance adjacent side equals hyp. « cos. of the angle, opp. 
side equals hyp. X sin. of the angle ete. 

Some advocate calling the trigonometric functions, multipliers 
or coefficients. It seems to me that it is foolish to have to stop 
to think out each time just how to solve for the adjacent side 
when the formula says once for all how it is done. 

Later in the course when we reach quadratics there is another 
very important formula, the value of which the pupils see 
quickly. It is the one for finding the roots of a quadratic equa- 
tion. It seems to me that, in conformity to our idea of ‘‘econ- 
omy of thought,’’ it is perfectly proper to allow pupils to solve 
quadratics by the use of this formula. Of course they should 
master the technique of the method of completing the square 
and should develop the formula first. 

In closing I think the essentials of a course in algebra can 
be summed up as follows: The use of the formula as a means of 
making and expressing arithmetical generalizations, and of de- 
scribing the quantitative realities which characterize physical, 
social, and other phenomena. ‘The making of formulas including 
practice in the simplest forms of algebraic symbolism. The in- 
terpretation of formulas and the determination of particular 
results by substitution. Later on the manipulation of formulas 
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in order to bring out the further relations which a given gen- 


eralization may imply. The application of these processes to 
the solution of problems of real interest and of practical im- 
portance, 


WATCH THE NATIONAL COUNCIL GROW! 


Members of the Council will be interested in the following 
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THE TEACHING OF PROPORTION IN PLANE 
GEOMETRY 


By WARREN R. GOOD ann HOPE H. CHIPMAN 


University High School, University of Michigan, Ann Arbor 


The teaching of proportion offers such difficulties in plane ge 
ometry that many teachers of recognized excellence do unsatis- 
factory work in dealing with this topic. Textbook presentations 
show wide variation, and it is difficult to say which kind of 
treatment is better. From the books on the teaching of mathe- 
maties one expects help with the pedagogy and presentation of 
the various aspects of algebra and geometry. But the literature 
concerned with the teaching of ratio and proportion is pitifully 
meagre. 

The purpose of this article is to report in unified and econ 
structive form the results of a survey of two guides in the 
teaching of proportion: the professional literature, and the text- 
books in plane geometry. Certainly the background provided 
through the junior high school training is important in its con- 
tribution to the study of proportion in demonstrative geometry, 
and we are giving a brief statement of the help expected from 
that source. Finally, there is a discussion of the changes which 
seem advisable in the light of this study. 


I. THE LITERATURE ON RATIO AND PROPORTION 


In the Elementary School_—There seems to be agreement 
among authorities that the foundations for the study of ratio 
and proportion should be laid in the elementary school. Thorn- 
dike? suggests that the understanding of ratio should begin in 
the fifth grade with such problems as: ‘‘How many times as 
large (long, heavy, expensive, ete.) as ...is... ?’’ Aceord- 


> 


ing to Neweomb,? ‘‘the teaching of ratio should be begun as early 
1 Edward L. Thorndike, The Psychology of Arithmetic. New York: The 
Maemillan Company, 1922. See pp. 225f. 
2 Ralph S. Newcomb, Modern Methods of Teaching Arithmetic. Boston: 
Houghton Mifflin Company, 1926. P. 228. 
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as the fifth grade and should constitute one of the important 
topics of each grade until thoroughly understood.’’ 

Of proportion Young® says: ‘‘Only the simplest phases of 
proportion seemed to be needed in arithmetic, and they may well 
be treated informally and untechnically. . . . Proportion need 
not be made a separate topic. It is simply an application of 


’ 


fractions.’ 

In the Junior High School.—The importance in the junior 
high school of the concepts ratio and proportion is indicated by 
the results of a series of studies reported by Schorling.* The 
position that these terms should be understood through numerous 
concrete illustrations was unanimously confirmed by curriculum 
studies, textbooks, practice, the National Committee Report, and 
a jury of leaders in education and in mathematies. 

Smith and Reeve * state as objectives in the junior high school 
the ability to express a ratio graphically, the understanding of 
a proportion as an equality of ratios, and the understanding that 
a ratio written in fractional form is subject to all the laws of 
fractions. They say, further: 


If we are asked to find the ratio of two numbers, we always divide. 
We may therefore teach that a ratio is a fraction, and include it here 
(under fractions)... . : According to circumstances, therefore, we may 
have to think of ratio as a fraction, as a decimal, as a whole number, 
as a percent, as a quotient, and in many practical cases as a number which 
we need to use as a multiplier. 

A great deal might be gained if, where the word ‘‘proportion’’ is in- 
troduced, it were looked upon merely as an equation between two fractions 


(p. 110). 
Regarding ratio in algebra, Thorndike® writes: 


Bonds should be made between the facts about ratio and the verbal 
forms in response to which we use our knowledge of ratio. The most im- 


3J. W. A. Young, The Teaching of Mathematics in the Elementary and 
the Secondary School. New York: Longmans, Green and Co., 1924. P. 
239. 

4Raleigh Schorling, 4 Tentative List of Objectives in the Teaching of 
Junior High School Mathematics with Investigations for Determining their 
Validity. Ann Arbor: George Wahr, 1925. See p. 101. 

5 David Eugene Smith and William David Reeve, The Teaching of 
Junior High School Mathematics. Boston: Ginn and Company, 1927. 
See pp. 71, 79f. 

6 Edward L. Thorndike and others, The Psychology of Algebra. New 
York: The Macmillan Company, 1923. Pp. 255f. 
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portant is: pis ... as many (much, heavy, long, large, ete.) as q. When 
p is known to be larger than q, we usually think the word ‘‘times’’ before 
‘fas many.’’ The next in importance is ‘‘p and q are in the ratio of 

. to,’’ the ‘‘fillers’’ to be made simple for memory’s sake and for 


convenience in calculation. 

The third is, ‘‘The coefficient of so and so (or the specific gravity, or 
the nutritive ratio, or the visibility, or what not) is the ratio of the such 
and such to the such and such.’’ One must know that the first such and 
such is the numerator, and the second such and such is the denominator. 
Science should learn to change this usage to ‘‘is the such and such divided 
by the such and such,’’ which would save probably one hundred thousand 
hours a year to students of algebra and first year science alone. In the 
meantime, we can save part of it by engraving on every mind ‘‘The 

this 


that — 
Unless these bonds are made, it is hard to learn what ratio means, 


ratio of this to that means 


and still harder to use your knowledge of ratio when it is needed. 


In Geometry.—Schultze * points out the fact that ‘‘the modern 
school book defines a ratio as a fraction. The finding of a ratio 
and the determination of a quotient are identical problems. 
This, however, in many examples involves the notion of irra- 
tional numbers, and we can understand that, at a time when 
only rational numbers were recognized and irrational numbers 
were considered impossible, the definition of a ratio as a quotient 
was considered incomplete. Thus Euclid and the other ancient 
geometers did not use the arithmetical definition of ratio.’’ 

Smith ® calls attention to the introduction of ratio in Book 
II, in dealing with central angles and their ares: 

It is then customary (Book II) to define ratio as the quotient of the 
numerical measures of two quantities in terms of a common unit. This 
brings all ratios to the basis of numerical fractions, and while it is not 
scientifically so satisfactory as the ancient concept which considered the 


terms as lines, surfaces, angles or solids, it is more practical, and it 
suffices for the needs of the elementary pupils. 


In giving pupils an understanding of ratio it is helpful to 
make actual use of measurement and to compare lines, for ex- 
ample, in terms of their length numbers as measured. Thus 
Coolidge ® states that: 

7 Arthur Schultze, The Teaching of Mathematics in Secondary Schools. 
New York: The Maemillan Company, 1912. P. 197. 

8 David Eugene Smith, The Teaching of Geometry. 3oston: Ginn and 
Company, 1911. P. 206. 

9 Julian A. Coolidge, ‘‘What is a Ratio?’’ School Science and Mathe- 
matics, Vol. X, No. 5, May, 1910, pp. 406-9. 
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With this premise (that the pupil should have a clear notion of the 
process of measurement), the ratio of two lines is the fraction formed by 
taking the length number of one line and dividing it by the length number 
of another line, and so for the ratio of any two comparable objects. It 
would be worth while to say at this point that there are two or three alge- 
braic manipulations that would be useful, and show them in half a page, and 
then use them; and it would be instructive to consider the effect of chang- 
ing the unit of measurement, and note how it will affect ratio. In par- 
ticular, take the second line as unit; the ratio is then the measure of the 
first in terms of the second. 


However, the chief occasion for concern about ratio and pro- 
portion in geometry is at the beginning of Book III, dealing 
with similar polygons. As Coolidge (loc. cit.) describes it 
te when studying geometry, after passing through. the first 
two books and dealing with matter that is apparently germane 
to the subject, we come, in the third book, upon a long interlude 
regarding proportion, full of long words. This takes a lot of 
time. Is it algebra? If it is algebra, why this hard way of 
doing easy problems in fractions?’’ 

With regard to the long words and the use of obsolete ma- 
chinery, Smith *° says: 

The ancients made much of such terms as duplicate, triplicate, alternate, 
and inverse ratio. These entered into such propositions as, ‘‘If four mag- 
nitudes are proportional, they will be in proportion alternately.’’ In later 
works they appear in the form of ‘‘ proportion by composition,’’ ‘‘by di- 
vision,’’ and ‘‘by composition and division.’’ None of these is to-day 
of much importance, since modern symbolism has greatly reduced the an- 
cient expressions, and in particular the proposition concerning ‘‘ composi- 
tion and division’’ is no longer a basal theorem in geometry. Indeed if 
our course of study were properly arranged, we might well relegate the 
whole theory of proportion to algebra, allowing this to precede the work 
in geometry. 


The fact that it should be unnecessary to spend a great deal 


of time with useless terms and still more useless operations is 
set forth by Smith and Reeve * in this fashion: 


Tt has therefore come to be customary to consider a proportic:. as a simple 
type of algebraic equation, abandoning such terms as ‘‘alternation’’ and 
‘*inversion,’’ and such statements as that about the product (or rectangle) 
of the means.’’ 

Some teachers have favored . . . breaking away from geometry at this 
point and spending some time on algebra. ... It is quite as if, in the 


10 Op. cit., pp. 229f. 
11 Op. cit., p. 263. 
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work in mensuration, when they wished to use multiplication, with which 
process the pupil has long been familiar, they should break away from 
measurements for the purpose of spending some time on arithmetic. The 
student has long been familiar with such a simple equation as 


M c 


b od 


when he begins his theory of proportional magnitudes in geometry, and 
he should spend a lesson period in reviewing it with a view to his immediate 
needs and then proceed with his geometry. 


Attention should be directed at this time to the Report of the 
National Committee on Mathematical Requirements in which 
it is recommended (p. 76) that the terms antecedent, consequent, 
third proportional, and fourth proportional be abandoned. 


Il. THe Junior High ScHoot BAacKGROUND 


The junior high schools, with their modern courses in mathe- 
matics designed specifically to meet newly defined objectives, 
are doing much to give their pupils a genuine understanding of 
the principles which serve as preparation for the mathematics 
of the senior high schools. This is particularly true for ratio 
and proportion as treated in some of the better known junior 
high school texts. And there is no doubt that much of the 
difficulty occasioned in the later study of proportion can justly 
be ascribed to the inadequate background supplied through 
courses which are not so well constructed. 

In junior high schools giving these modern courses, ratio and 
proportion comprise a large unit of instruction which runs 
through all three years of the mathematics work. Long before 
the formal terms and principles are used, the pupil is given 
numerous exercises and vivid illustrations of the ideas involved. 
Even before the term ratio is used there are many illustrations 
of the notion, and the growing concept is related to the measure- 
ment of line segments, to common fractions, to decimal fractions, 
and to percents. A great deal of practice is given, after the 
term is introduced, in using ratio as a means of comparing quan- 
tities, especially in working with line, bar, and circle graphs. 

Then, in working with scale drawings and similar triangles, 
simple proportions occur as equations expressing the equality 
of two ratios. The numerical trigonometry now included in 
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junior high school courses offers an excellent basis for practice 
in dealing with ratios and proportions. 

Proportion is still further illustrated and applied in the junior 
high school in dealing with variation and with lever problems. 
This includes the graphing of direct and indirect variation. 

By this time the pupil has become familiar with the term 
proportion and has learned that a proportion is subject to the 
laws applying to equations in general. In many cases he learns 
to make one or two transformations as a matter of applying the 
axioms of algebra. Usually he has learned to make habitual use 
of the fact that the product of the means equals the product of 
the extremes. 


Ill. AN ANALYSIS OF THE TEXTBOOKS 


The practice of textbook writers in teaching the pupil the 
facts of proportion and how to use them shows considerable 
variation. In order to analyze the nature and extent of these 
variations, we have examined the presentation of the theory of 
proportion in ten of the better known textbooks which have 
been published or revised since the National Committee on 
Mathematical Requirements issued its authoritative report. The 
authorship of the books is indicated in the note accompanying 
the first table. 

In view of the recommendations of the report and of various 
individual authorities on the teaching of mathematics, an im- 
portant consideration in this analysis is the occurrence and 
definition of terms peculiar to proportion. The following table 
lists these terms and for each book cites the page on which the 
term is defined. . 

The traditional practice of giving the various properties of 
proportion as theorems to be proved by algebraic processes is 
beginning to weaken under the criticism of progressive author- 
ities. Some of our forward-looking authors, in order to make 
the uses of proportion in geometry less difficult of acquisition 
and more effective in application, have seen this topic as a nat- 
ural development from algebra, and have expressed it informally, 
working from the algebraic to the verbal forms. Hence, we 
are interested in the extent to which the traditional practice 
is still followed by textbook writers. This is shown in Table 
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II. The table also shows the number of exercises giving prac- 
tice in the uses of proportion before the study of geometry is 
continued, and indicates whether these exercises are distributed 
through the presentation or follow it. 

No small part of the variation in the way proportion is taught 
arises from the phases of the topic given in the different books. 
In an effort concisely to show which authors include each of a 
number of items in the theory of proportion, we have expressed 
the principles algebraically and ranked them according to fre- 
queney of use. The results of this analysis appear in Table III. 

Of the ten books examined Durell and Arnold, and Young 
and Schwartz take the extreme positions. Durel! and Arnold 
devote six pages to the theory of proportion, presenting twelve 
of the fourteen properties given in the accompanying table, with 
quasi-geometric proof for each. Our check indicates that only 
numbers 1, 3-6, and 10 (see table) are used in subsequent theo- 
rems. Young and Schwartz on about one-fourth of a page list 
only two of the properties. No proof is given for either, al- 
though the algebraic illustrations are supplied. When a trans- 
formation becomes necessary in the proof of a theorem, the re- 
quired algebraic steps are included in the demonstration. For 
example, whenever a transformation of ‘‘addition’’ becomes nec- 
essary in a proof, 1 is added to each member of the equation. 

The Smith and Clark-Otis texts both have two pages on the 
properties of proportions. Smith gives first a brief algebraic 
statement of each property, merely suggesting the method of 
proof. On the next page he gives the properties as verbal state- 
ments, each of which is to be proved as an exercise. The Clark- 
Otis treatment is similar to that of Smith. However, an im 
portant psychological difference is that Clark and Otis first 
present the properties as things to be done by the pupil, alge- 
braic statements to be examined informally, before they are 
stated verbally. The pupil is then asked to illustrate each of 
the verbal statements by an equation. 

Four of the books, Clark-Otis, Young and Schwartz, Palmer- 
Taylor-Farnum, and Strader and Rhoads, introduce proportion 
after a study of areas. The other texts, with one exception, first 
use the term ratio in the second book, in connection with circles; 
and they elaborate the theory of proportion at the beginning of 
the third book, 








: 





SE ae ERE 


nee 


Eni Ce Sm PE 





Beis, 








00 LBP DVL AMEE AOE 











PROPORTION IN PLANE GEOMETRY 463 
IV. Proposep CHANGES 

A number of the changes in the teaching of proportion, recom- 
mended by our foremost authorities in the teaching of mathe- 
maties and widely recognized as being desirable, are yet to be 
accomplished. However, it is well to subject changes in prac- 
tice to careful study and rigorous experimentation under such 
circumstances that values can be proved and gains demonstrated : 
‘‘humanity is better served by nature’s gradual changes than 
by earthquakes.’’ 

During the seventeen years since the publication of Smith’s 
Teaching of Geometry there has been an increasing tendeney 
to modify the earlier complicated presentation of the theory 
of proportion in the direction of the simple treatment now ex- 
emplified in the recent geometries by Smith, and Clark and 
Otis. No doubt the ‘‘vested interests,’’ in particular teachers 
of mathematics, have made it necessary to introduce these 
changes quite gradually, and even now some of the textbooks 
cling rather tenaciously to the vanishing forms. Thus, progres- 
sive authors frequently find it advisable in following accepted 
recommendations to call attention to disappearing usage by 
means of informational notes. 

At any rate, the tendency in geometry seems to be very def- 
initely toward restriction of detailed study of the theory of 
proportion. The development of algebraic symbolism since the 
sixteenth century has made it possible and legitimate to treat 
algebraically the theorems in proportion which the ancient geom- 
eters had to demonstrate by pure geometry. Hence, the theory 
of proportion has become a matter of algebra, not geometry. 
The algebraic treatment of the topie as given in many textbooks 
on geometry is extraneous to demonstrative geometry and is jus- 
tifiable only insofar as it is necessary for adequate presentation 
of the geometric materials. In geometry the purpose of the 
treatment, then, should be not primarily to teach the theory of 
proportion, but to enable the pupil to master the geometric ma- 
terials concerned. This being the case, it is a psychologically 
sound premise that the various needed aspects of proportion 
should be considered as the need arises. Thus there would be 
no oecasion for the pupil’s mastering the topie with all its rami- 
fications, long words, and unnecessary algebraic manipulations 
before he is allowed to begin his study of proportionality in 
31 
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similar polygons. In fact, in consideration of meaningful sit- 
uations and illustrations, it is highly desirable that the useful 
facts of proportion be reviewed or presented in conjunction with 
the problems to which they apply. 

We are inclined to believe that further improvement in the 
teaching of proportion in geometry can be effected by a consid- 
erable reduction of the isolated presentation of the topic, with 
a wider use in demonstrations of the axioms which form the basis 
of solving algebraic equations. We feel that the pupil can gain 
the essential concepts with richer understanding and more last- 
ing insight if they are presented through many concrete illustra- 
tions in various situations than if they are expressed through 
verbal statements with single algebraic illustrations. 

We are about to subject to careful study a treatment of pro- 
portion based upon the foregoing hypothesis. It will introduce 
the needed ideas and processes in connection with the problems 
in which they are to be used, and will present series of exercises 
which provide rich experiential background for consideration of 
the developments involved. 


NATIONAL COUNCIL MEMBERS IN CITIES 


It is clear that many teachers in the larger cities of the coun- 
try are not members of the Council. For the benefit of mem- 
bers who desire to help us reach our goal of 10,000 members by 
1930 we present the names of some of the larger cities below 
together with the number of council members in each. 


EE ae 12 Minneapolis, Minn 23 
Baltimore, Md. ........ ao 31 Nashville, Tenn. . 7 6 
marmmenam, Ala. ......0002.5 27 Newark, N. J. ... : ; 1] 
Boston, Mass. .. eb ach 27 New Orleans, La. , ‘ 5 
fe arate ardiesl ee New York, N. Y. 216 
Cievetama, ORO ........20. 47 Omaha, Neb. ... ite 8 
IN 5s. ae, sa coo skin wi 25 Philadelphia, Pa 115 
Detroit, Mich. .. rissa ate eee Portland, Me. . a 5 
Indianapolis, Ind. ............ 27 Providence, R. I. b. 21 
mamene City, Mo. 2 ow... csees 13. Richmond, Va. .... aaa 2 
Los Angeles, Cal. ............. 17 San Antonio, Texas a 34 
ee ree soar 9 PE, RS, vc ed eee ewe aie 9 
PEIEWEUNOG, WiS. .... ac ccsecsss 18 Washington, D.C. . ae 
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STEWART’S THEOREM, WITH APPLICATIONS 





BY PROFESSOR RICHARD MORRIS 
Rutgers University, New Brunswick, N. J. 


The writer will introduce this paper by quoting a sentence 
from Cajori’s History of Mathematics. ‘While in France the 
school of G. Monge was creating Modern Geometry, efforts were 
made in England by Robert Simson (1687-1768) and Matthew 
Stewart (1717-1785) to revive Greek Geometry. The latter was 
a pupil of Simson and was one of the two prominent mathe- 
maticians in Great Britain during the eighteenth century.”’ Dr. 
David Eugene Smith speaks of Euclid as the most influential 
text-book on mathematics ever written. We are grateful to 
these two men, Simson and Stewart, for their labors in the 
Renaissance of Geometry. 

Let me quote a sentence also from Euclidean Geometry, by 
Henry George Forder, a book published in 1927. ‘‘ The fruitless 
efforts to prove the Parallel Axiom from the other assumptions 
of Euclid resulted at length in the creation of the non-Euclidean 
Geometry of Bolya and Lobatschefsky—-a landmark in the 
history of human thought.’”’ A reverence for the past should 
not stagnate our ambitions for progress, neither should an 
obsession for research dull our gratitude for our legacy. The 
writer thus feels that it may be worth while to look at a theorem 
that goes by the name of Stewart. 

Had Stewart not ignored the methods of higher analysis, un- 
doubtedly he would have achieved results as important as those 
obtained by others in the field of analysis. In an article by J. S. 
Mackay, M.A., LL.D., in the Proceedings of the Edinburgh 
Mathematical Society, Vol. X, 1891-1892, p. 90, we learn that 
Stewart was the first to publish anything relative to this theorem, 
1746, but that Robert Simson had solved the problem earlier, 
1741, who however had not published his solution till 1749. 


Chronology of Proofs and Publishing. 
Robert Simson, solved 1741, published 1749. 


Matthew Stewart, ° 1746. 
Thomas Simpson, 1752. 
——- Euler, . 1780. 
—— Carnot, ve 1803. 
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Stewart’s Theorem. A line from the vertex of a triangle to any 
point of the base divides the base into two segments such that the base 
times the square of the line equals one side squared times the remote 
segment of the base plus the square of second side times its remote 


segment minus the product of the base and its two segments. 


A 
{\ 
5 
¢c on 4 a 
iy 
fe. iy. 
B p 14+ F ae 
Vv D 
Fig. 1 


Definition: We shall define a Stewart line as the segment from 
a vertex to any point of the opposite side. There are thus many 
notable lines which are Stewart lines. 

Symbolic Statement of Stewart’s Theorem (see Fig. 1): 


a(AN)? = pb? + qc? — apa, 


or 
. _ po*® + qe’ ; 
(1) x* = ————_ — pq. 
p+q 
We shall give three well-known proofs. 
First Proof. 
(1) xz? = h? + (ND), 
(2) b? = h? + (q — ND)’, 
(3) c? = h? + (p + ND)’. 
Subtract (2) from (1) and (3) from (1). Upon eliminating 


2pqND, we obtain formula (1) as given above. 

Second Proof (by projection). cc? = 2° + p?+ 2p( ND) and 
be = 227+ @—-—2q(ND). Again we get the same formula by 
eliminating 2pq( ND). 








Third Proof (using Trigonometry). c? = 2°? + p® + 2pzr cosa , 
and b? = 2? + @ — 2qx cosa. Hence, by eliminating 2pqz cos a, 
there is obtained the desired formula. 

Theorem of Apollonius (260-200) B. C. Jf N is the mid- 
point of BC, p = q = 3a and zg is the length of the median, M,, 
then ‘ 

: 24 ¢2 4g? 
(2) M,;? = ne , 
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Trivial cases. When N coincides with B, or C or D, x becomes equal to 
c or b orc sin B or b sin C. 

Other Positions of N. If N is anywhere on BC produced, 
say to the left of B, then p is negative. 

Formula (1) then becomes 


F c? — pb’ 
(3) x = lee + pq. 
q-P 
If however, N is to the right of C, then q is negative and we 
get from (1) 
b? — ac? 
(4) gi P 4 


“s-s 


In this paper we shall assume a > b > as the relative lengths of the 


sides of the triangle. 


Problem. The shortest median is drawn to the longest side. 





b2 12 2 2 2 b2 
M ;? < M.? since os —_ + < a s ( - ; 


and 


M2 < M; since = 








oe ~% 


Inclination of a Stewart line to its side. [et h denote the 
altitude AD and a the angle ANC. Then 





ND 
cota = — 
h 
and . 
(p + q) cota = p(ND) |. q(ND) 
h h 
_ _(¢q— DC) (BD — p) 
“s h Tq h 
_ Pq _ DC BD _ Py 
A P h * h ‘ 
Hence 
(5) (p + q) cota = qcot B — pcot C. 


If N coincides with D, cot a = 0, and when N coincides with 
the mid-point, we get from (4), 
_ cot B — cot C 


(6) cot a = 5 , 
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Let B and y denote the inclinations of the other medians to 
their respective sides, then 
cot B = 4 (cot C — cot A) and cot y = 3 (cot A — cot B), 
whence 
cot a + cot B + cot y = 0. 


If p, and qi, pe and qe, and p; and q; denote the segments of 
sides BC, CA and AB respectively, then 
(pi + qi) cot a + (pe + qe) cot B + (ps + qs) cot ¥ 
= gq, cot B — ps cot B + qe cot C — p, cot C + qs cot A 





- pe cot A. 
If however, 
pi om 
q 7” 
we get 
n—m 
cot a + cot 8 + cot y = —— [eot A + cot B + cot C]. 


Geometric Proof for Formula (6). Draw a _ parallelogram 
with triangle ABC as one-half, such as ABA’C (see Fig. 5) and 
drop perpendiculars from A and A’ to BC, denoting their feet 
by D and D’ respectively. Then AD’A'D is also a parallelogram 
and BD = D’C. Hence 


DN = 3(DC — BD) 





and 
DN DC BD‘ 
2 & _ = — = 1 << <= oom [ AN( 
cot (180 — a) = => (ap ap): [a=An 
= 3(cot C — cot B), 
or 
cot a = $(cot B — cot C), 
since angle B > angle C and a > 90°. 
Other Forms of Theorem (1). 
) m am an 
I. Let> =", then p = ~~ and q = 
' q n’ at m+n mF m+n 


Substituting these values of p and q in (1) we get 


(7) = mb? + nc? mna’ 





m+n (m+ n)?° 


This formula will serve when BC is divided into m + n equal 
parts, m and n being positive integers. 


eer 
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Example. Let a = 9, b = 8, c =6 and p:q = 4:5. Find z = 5}. 
a an 
II. Again, let = np, the = ——_., = ———.,, and 
g et q wp len p — q ey uni 
substituting in (1) we get 
, . b? + ne? : 
8) es 
n+l (n + 1)? 


This formula applies when BC is div 


») 


rided into n + 1 equal parts. 


Example. [et in (8) and get 


the Stewart line to the point of trisection nearer 3B. 


n ~ ~ 


b? + 2c? 


32? 4+ 


Let y denote the Stewart 


ja", where zx is 





line to the point of trisection nearer C and get 2? + y? = b? + c? — 4a’. 
Let C be a right angle, then x? + 7° 
equilateral. 

A General Theorem. 
Find the sum of the squares of the Stewart lines to these points of 
There be 


depending upon whether n is even or odd. (See Fig. 2.) 


‘a?. Find 2? + 7? if the triangle is 


Let BC be divided into n equal parts. 


division, excluding points B and C., will two 


Cases, 








A 
A 
t 
c 
Fig. 2. 
Applying formula (1), (n — 1) times in succession, we get the 
following series of equations. 
oo . l 
bh? T — ac : 
n n I(n — 1l)a 
i= — —_ —- —__—_, 
a n? 
9 9 
es n—2 
a 4- Wy - 
n n 2(n 2)a 
Ie - — — — , 
a n? 
n—3 
—ab? + acl, a 
r n 3(n — 3)a? 
zr? = ~ ieee 
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nN l Gs. 
‘. — ab? + — ¢' ' 
ole n n (n l)a 
a n° 
W hence 
(A) ri oi x2" + + In 7 
1+2+3¢4- + (n—1).,, 
= (h? + ( } 
iL) 
aq” 
——[1(n —1)+ 2(nm — 2) + 38(n — 3) 4 


n° ~ 


Case I (n odd). Jf n is odd, there will be (n 1) points ex- 
cluding B and C, i.e. an even number. The coefficients of b 


. _— l, 
and c? are equal, each being —5—the numerator being an 


arithmetic series. 
The series in the brackets of (A) consists of two equal parts of 








n— 1 
—5— terms each, and may be written, 
2] 10 - 1) + 2(n — 2) + 3(n 3) + 
n ] nN l a 
J cmon - ( n—- 
2 2 n 
or 
, n l 
2| n+ 2n + 3n + f$—5— 1 
M l a 
~{144494--4+(455 )| 
- | Ml 
or 





using the formula for the sum of an arithmetical series and the 


n l 
formula for the sum of the squares of the first —;— consecutive 


; . ce ‘ n L)a? 
integers, whence by further simplification we get r 
vii 
Thus we have 
‘ “ ac n ee (n l)a° 
(9) xP + x2 + ++ +1 = —Z— (b* + Cc’) -* 


as 





a 
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Case 2 (n even). /f n is even, there will be (n — 1) points, 
excluding B and C, i.e. an odd number. As before, the coefficients 


P ‘ n— ] 
of 6? and c? are each equal to—~—. 


= 
The series in the brackets of (A) consists of a middle term and 


nn ‘ . n 
two equal parts. The number of the middle term is 5 and the 


‘ ° ‘ - i 
number of terms in each of the equal series is ( “fo ) . Hence 


the series in brackets becomes 








~ n } 
or 
) We (0 2) VL\ Vt 1) n 2) a’ a 
7 Ss 24 n? | 
and finally 
n 2)(2n t l a a 
a a } 
12 n j 
Thus we have, 
(10) 2,7 + Ze? +--+ Xn_1? 
. io ] m n 2) 2n + | a a 
a (h + ( ) 
2 iZ nN } 
Example. Let n = 3 and find x)? + 222 = b?+ c? — 4a’. 
. e a . 3 bh - ¢ ' 
Example. let n = 4 and find z;° + 2° + «3° = ——; — ja’. 


TheoremI. Of two Isotomic-conjugate Stewart lines | emanating 
from the same vertex of a triangle, the greater Stewart line is neare 
the greater of the two sides of the triangle intersecting at the vertex. 


'See The Mathematics Teacher for March 1928 for a paper on Isotomic 
Lines and Points. 
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Let x, and x2 be the internal pair of lines (see Fig. 3) and 2; 
pb? + qc? 


a 


and 2, the external pair. Then 2,’ — pq and 


. gb? + pe? gs _ ‘ zoe: 
f= TE - pq. Now 2z,* will be greater than 2,’ if 
a 


Fig. 3. 


qb? + pe? > pb? + qe. But (q — p)b* is greater than (q — p)ec’ 
since 6 is greater than c by assumption. Again 
os ge’ = pb? o _ qb? — pe . 


r32 = ——-+pq and rr? = ~ r Pq, 


a a 
and zx,’ will be greater than z;° if gb? — pc? is greater than 
qc? — pb*. But (q+ p)b? is greater than (q + p)c? since b > c 


. —" , & 
by assumption. If in Theorem I, we set p=d< 5 and 


q =a-—d for X, and Xz; and let p = d and q =a-+d for 
x3 and x4, we prove 
Theorem II. 


h2 —— 
: x3" if PEs Alaa : 


Le < 
> <= 2a 


The equality case is easily shown by substitution, the other 
cases are a little more difficult. It can be shown that z;? is 


,-.-?—c. . ; 
greater than 2x,’ if —;— is increased by a quantity e where e 
2a . ' 
7 b? — ¢? z a 
is such that —,— + e¢ is less than 5 . 
2a 2 
For 22, 
b? — ¢? bh? — ¢? 4 
I=@a-->— — € ant q3 ——— € 
I 2a f 2a 
For 23, 
‘ b? — - 4 b? — 4 
»=a+—~——+e and q=—~+e 
I 2a d 2a 


When these values of p and q are substituted in the values of 
zr? and x;? in Theorem I, we find the value of x3? — x.? = 2ae 


ter 





Ser 
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; , gto : — b? — ¢?. are ie. 
which is a positive quantity. Similarly —,— is diminished by 
( 


e, it can be shown that z,? is greater than 2x;2. In this case, 
for Te, 





b? — ¢? 4 bh? — ¢? 
p=a-— — e an q = ——- —e¢, 
I 2a : 2a 
and for 2s, 
b? — °? hb? — °? 
») =—~— —e and q=a+— é 
Y 2a f , 2a 


And we get Se —_ x3" = 2ae. 
For a set of four Stewart lines as in Theorems I and II, there 
is the following series of inequalities. 


— b? — ¢ 
(a) Le - Z3° a x3 ( if d 2 ~— 7 a Zi", 
\ 2a 
bh? — -2 
(b) x? > 23° x2? ( 2 — ~~ Sr, 
2a 
: bh? — ¢? 
(Cc) 2, > 2 > rs ( if d « ) oo ff. 
2a 


Example. Let a = 12,b = 10 andc = 6. 


Then d = 23. For a simple case, let e = } for case (a) and 
e = 4 for case (c). We tabulate the three cases. 
3 
(a) re = 161, X3" = 65, be = 57, Zt," = 2. 
(6) xz? = 153}, zr; = 60$ = z,’, 2, = 254. 
(c) a2 = 1382, 2 = 533, 2x2 = 691, x2 = 263. 
. se ; a—P+e¢c 
When used additively, e lies between 0 and——.——., but 
2a 
, — b? — ¢? 
when used subtractively, it lies between 0 and ——. 
Za 


Special Stewart Lines. 
(a) Internal angle bisector of angle A. We have p:qg = ¢:b 
hence 


ac ab 


~~. m 7, and '*s7" 





Using (1) we get 
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sis be(b? + 2be + c? — a’) 

war (6 +c)? 

or 
4 are i fea 
r= i = Vo (atb+c)(b + (1) a ae \ a = 


where 2s =a+b-+e. 


Example. Apply Stewart’s Theorem to the Isotomic conjugate of internal 
bisector. 


(b) External angle bisector of angle A. In this case 





ac ab 
ed ~ and . 
Using (3), we get 
ik me [at (b c)? | 
and 
2bce «lO! 





r= |— -——-- + 
b— c N(s — b)(s — c) 


Example. Apply Stewart’s Theorem to the Isotomic-conjugate of the 
external bisector. 

(c) The Symmedian for angle A. The Stewart line making 
the same angle with the internal angle bisector as the median is 


. ‘ ac? ab? 
called a symmedian. In this case p = ——— and q = ———-:'! 
- } b2 ao eS d bh? t c 
Hence, 
Qh? arb? 


(Symmedian)? = 





Pte (+e) 


Example. Show that Symmedian : median = 2be : b? + c?. 

Remark. Evidently the Symmedian is always less than its median. 

Example. Apply Stewart’s Theorem to the Isotomic-conjugate of the 
symmedian and show that the Symmedian : Isotomic-conjugate = 2h*c? : b++-c¢. 





A 
I r~ 
Se eae ia i 
Y, B y v, % 
Fia. 4. 


In Fig. 4 let Ni, No, Ns and N, be the points on BC of tangency 
of the in-circle, the ex-circle opposite angle A, the ex-circle 
opposite C and the ex-circle opposite B respectively. 

1 See Court, College Geometry. 





—— 
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(d) Stewart lines to points of tangency. For line A \,, 
p=s—bandq=s-—c. Hence 


(s b)b? 4 


a 


(AN,)? 


For line ANo, p = s — c and gq 


* (s — c)b? + | 
(AN.)? 


a 


Theorem I states that (AN» 


is less than s — ec. 


(S C\)e 


s—b. Hence 


s bh ( 


>is greater than (4A.N),)? since s bh 
But this may also be established by com- 


paring the numerators of the fractions for AN» and AN. 
We have sh? + sc? sb? + sc?. But 


be(b +e) < (h? 


since 
be h 
Hence 
sb? + sc ch be 
or 
S c)b S b ( 
Hence 
ANs 


be 4 c7)(b -+ Ci. 


That is, the internal Nagel line is greater than the internal 


Gergonne line... For line AN 


AN,)? = ——— 


For line AN4, p s and q 
sh? 


(AN, 2 ee. 


is = -« a and gq => 8. Hence, 
(S a)b? 

— - S(S8 a 
al 
s—a. Hence 
S (Le 

+ S(8 ] 

a 


As before, by comparing numerators, we can show that 


(AN,)? > (AN;)?. 
We have 2s > a and 
2s(b? — ¢c?) > a(b? — ¢?) 
or 
sb? — sc? + sh? — sc? > ab? — ac? 
or 
sb? — sc? + ac? > sc? — sh? + al? 


‘See Matuematics TREACHER, M 


arch 1928. 
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or 
sh? — (s — a)c? > sc? — (s — a)b?. 
Hence 
AN, > AN3. 


Example. If a = 12, b = 10, c = 6, the square of the Stewart lines to 
points of tangency on BC are as follows: 

(AN,)? = 25}, (AN2)? = 463, (AN;3)? = 534 and (AN,)? = 1383. 

Example. If a = 12, b = 10, c = 4, we get 10, 52, 22 and 120 as the 
values of the squares of the respective lines. We notice in these two cases an 
interchange in the relative values of the lines AN2 and AN3. 


Theorem III. 


y » r op 7 d _ as 
(AN3)? - (AN2)? if ¢: v4b a L 


5 
Let (AN3)* be set equal to (AN,.)*?. After simplifying, we get 


So. ; 
-(c?7 + ac — b*?) = 0 


a 


and hence 


If (AN3)? is to be greater than (AN,)’, then ~ (c? + ac — b?) > 0. 
a 


But since a and b are given, we get c > D. Similarly, we get 
c < D if (AN3)? < (AN.)?. 


We note that for given values of a and b, c may be constructed, using a 
right triangle whose legs are 2) and a. 

Note also that Theorems I and II relate to variations of d when the sides 
of the triangle are given, while Theorem III relates to changes in c when a 
and b are given. 


In the cases of Stewart lines from vertex A to the points of 
tangency on line BC, distances BN, and CN» are equal and 
BN; equals CN, But the four distances are not in general 
equal; this can be true only when a = b, since s — a must equal 
s — bin that case. All of the external segments on the sides 
of the triangle will be equal only in the case of an equilateral 
triangle, since s -a =s—b=s-—c in this case. In this 
last case, the number of Stewart lines reduces from 12 to 9, 
because of coincidence with medians, altitudes and internal 
angle bisectors. 


a 
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The Parallelogram. 

Let ABA'C be a parallelogram constructed on the triangle 
ABC. (See Fig. 5.) Using (1) or (2) for triangles ABC and 
A'BC we get (2x)? + a? = 2(b? + c?). Hence the well known 

Theorem IV. The sum of the squares of the diagonals of a 


parallelogram equals the sum of the squares of the four sides. 


A 


Sy) 
Fic. 5. 

Problem. Apply Theorem IV to an oblique parallelepiped to 
show that the sum of the squares of the four diagonals equals the 
sum of the squares of the twelve (12) edges. 

Problem. Apply Theorem IV to a tetrahedron to show that 
the sum of the squares of the three lines (medians) joining the mid- 
points of the opposite edges is equal to one-fourth of the sum of the 
squares of the six (6) edges. 


The Trapezium. 
In Fig. 6 it is easily shown that AA’, BB’ and CC’, mid-points 
of sides and diagonals, are concurrent in point O.' Let 


| 


_ 


J 
af 


Fic. 6. 


DE=a, EF=b, FG =a’, GD=0', EG=c, DF =¢c' 
AA’ = x, BB’ = y and CC’ =z. Evidently A’C’ = AC = 1b’ 


‘(See Heath, Elementary Trigonometry, page 135.) 
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and AC’ = A’C = 3b. Similarly for other lines joining mid- 
. eae ——— b? + b” 

points. Hence by Theorem IV, zx? + 2 = —>—’ 

as i ata : i a : ( r ¢ 

+f =—, and w2w+y —— - 
Kliminating 2? and 7? we get 42° a®+a?+ b+ b” ec’? — ¢, 
Hence the well-known problem: Jn any quadrilateral, the sum of 
the squares of the sides equals the sum of the squares of the diagonals 


plus four times the square of the median of the diagonals. 

Fuerbach’s theorem, which states that the in-circle and_ the 
three ex-circles of a triangle are all tangent to the nine-point circle, 
has many proofs. Hobson, in the Plane Trigonometry, gives a 
proof which makes use of Stewart’s Theorem, but the proof is 
not suitable for this paper. 

In 1875 Chasles gave a generalization of a particular case of 
the theorem and in 1891 M. Clément Thiry gave some inter- 
esting applications. 

Stewart’s theorem together with the four theorems of this 
paper are so intimately related to the Pythagorean theorem that 
it would almost seem to be an absolute necessity that every 
teacher of geometry in the secondary schools should have a 
knowledge of these. This enrichment affords such a delightful 
background. The books which the writer has used for reference 
are A Sequel to Euclid by John Casey, College Geometry by Alt- 
shiller-Court, The Circle and the Sphere by J. L. Coolidge, Modern 
Geometry by C. V. Durell, and Modern Geometry by Godfrey and 


Siddons. 


DO NOT FORGET THE NATIONAL COUNCIL MEETING 
AT CLEVELAND ON FEBRUARY 22D AND 23D, 19238. 
THE COMPLETE PROGRAM WILL APPEAR IN A LATER : 
NUMBER OF THE TEACHER. 


























A DIFFERENT BEGINNING FOR PLANE GEOMETRY 


By H. C. CHRISTOFFERSON 


Professor of Mathematics, Miami University, Oxford, Ohio 


At a meeting of the Southeastern New York State Teachers 
Association held at Teachers College, Columbia University, last 
vear, Dr. David Eugene Smith made the statement that there had 
been nothing new in geometry as it is taught in our high schools 
since the time of Euclid, 2200 years ago. Of course there have 
been minor changes, little tricks and devices, and even an intro- 
ductory inductive chapter in many books, but the real demon- 
strative geometry is essentially the same in organization and 
content as established by that ancient but ingenious master 
mathematician and logician. 

The ideas presented in this paper were stimulated by this 
challenge but are neither entirely original with the writer nor 
entirely new to the readers. They suggest an organization in 
the beginning of geometry which is different from that of Euclid 
or any textbook vet published. They were developed by the 
joint thought and effort of a class of graduate students at 
Teachers College last year. 

At present all geometries begin their demonstration work with 
congruent triangles. First there will come ‘‘two sides and the 
included angle.’’ then ‘‘two angles and the ineluded side,’’ then 
after perhaps a few trite unreal originals, ‘‘the isosceles triangle 
theorem’’ and finally ‘‘congruence by three sides.’’ It is with 
these four theorems that the present paper is concerned. 

Let us briefly review the proofs of the last two theorems. 
You will reeall that in proving that the angles opposite the equal 
sides of an isosceles triangle are equal, it is necessary to bisect 
the angle at the vertex. Some texts seem to overlook the diffi- 
culty here and merely state the process as ‘‘draw CD bisecting 
angle C.’’ Others are more shrewd and say ‘‘assume that CD 
is the bisector of angle C, since every angle must have a bisector.”’ 
In the proof of congruence by three sides the isosceles triangle 
theorem is used to prove certain angles equal and then congru- 
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ence follows because of two sides and the ineluded angle. Now 
after you have shown congruence by three sides it is possible to 
draw a bisector of any angle and prove the angle bisected using 
the ‘‘three sides , 

The eirele reasoning here is evident and well known. In order 


9? 


congruence theorem. 


to get any rigor in the reasoning process it is necessary to postu- 
late a link somewhere in the chain. For many years we have 
used here what has been termed a hypothetical construction, that 
is, we have used a postulate variously worded but often phrased 


, 


‘fevery angle has a bisector.’’ This construction is puzzling to 
teachers as well as children. 

The proof for congruence by three sides depends upon the 
isosceles triangle theorem, the proof for the isosceles triangle 
theorem depends upon drawing an angle bisector, and the proof 
for drawing an angle bisector depends upon congruence by three 
sides. Clearly this chain of reasoning goes round in a circle. 
In order to make a rigorous system of reasoning we must postu- 
late something; we must break the cirele. This has been done 
since the time of Euclid by postulating the possibility of drawing 
an angle bisector. This solution has been approved by the Mathe- 
matical Association of America, but thinking teachers have never 
been satisfied with it. They argue that similarly an angle has 
trisectors but that would not permit us to postulate their con- 
struction in proving a theorem depending upon trisection. There 
must be some square exactly equal to a given circle in area but 
we can not postulate its existence in proving some theorem which 
depends on it. To be rigorous and yet not camouflage anything 
we need to postulate not merely the possibility of constructing 
a bisector, but the entire construction. Or what would be more 
simple, we should postulate congruence by three sides and on the 
basis of this prove the angle bisector construction, and the isos- 
celes triangle theorem. 

The postulation of congruence by three sides is by far the 
simplest solution of the problem in circle reasoning just de- 
scribed. This long pet proof in beginning geometry is such a 
sacred tradition that it will be difficult to persuade teachers to 
postulate it when they can give what seems to be a proof by 
means of a hypothetical construction. Logically this suggested 
solution is as defensible as the historic one we have been using. 
Psychologically it is better because it is more simple and straight- 
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forward. Technically it is far superior because of the splendid 
possibilities which it opens up for a more rigorous and interest- 


ing beginning for demonstrative geometry. 

Let us examine the possibilities of this new approach. At 
present many textbooks are beginning their course in demon- 
strative geometry by a chapter of intuitive work. That in- 
tuitive work includes the construction of an angle, the bisector 
of an angle and of a line segment, the perpendicular to a line, 
and a triangle, given certain facts about it. There is no attempt 
to prove these constructions in this introductory chapter. Its 
purpose is merely to get the students accustomed to geometric 
terms and language before attempting demonstration. 

The postulation of congruence by three sides, which postulation 
we have just defended from a logical standpoint, makes pos- 
sible the more rigorous treatment of these construction exercises. 
In fact they may be readily and very simply proved, thus making 
the introductory chapter a real introduction to demonstrative 
plane geometry. 

Suppose now that on the first day the geometry class met they 
were asked to draw a triangle, then to make an exact copy of 
that triangle, using ruler and compasses. Experience has shown 
that practically the entire class will measure off the three sides 
and draw the second triangle with its three sides equal respec- 
tively to the three sides of the first. A few may use two sides 
and the included angle and fewer two angles and the included 
side. From this copying the concept of congruent triangles is 
readily developed and the equality of corresponding angles is 
easily seen. Congruence by three sides can thus be postulated. 
The construction of an angle equal to a given angle can now be 
easily proved. Similarly the bisection of an angle, the con- 
struction of a perpendicular at a given point on a line can be 
rigorously and easily proved through using the postulate of 
congruence by three sides. These constructions make possible 
a host of others and geometry is well and rigorously begun. It 
would be easy to extend this article to a whole chapter of a book 
here. Thinking teachers will prefer to do this for themselves, 
however, so further details are omitted. 

The lack of rigor in the proofs of the other two congruence 
theorems has long been recognized, yet few textbook writers 
have had the courage to refuse to follow Euclid in this respect. 











482 THE MATHEMATICS TEACHER 


Hilbert exposed the fallacy of the superposition proof, and pro- 
gressive mathematicians no longer attempt to postulate super- 
position so as to prove the two congruence theorems when they 
ean as well postulate the congruence theorems themselves, with 
no loss of rigor, and in fact with considerable gain. <A few 
textbooks and writers have advocated the postulation of these 
two congruence theorems, so this is not new although rarely 
practiced. 

In conclusion, we have contended for the postulation of con- 
gruence by two sides and the included angle, and also by two 
angles and the included side. Our major contention however 
is for postulation of congruence by three sides instead of postu- 
lation of the possibility of drawing an angle bisector. Such 
postulation is not less rigorous and far more direct and useful 
than the historic hypothetical construction. Furthermore such 
postulation makes possible an introductory chapter which is 
not merely intuitive, but rigorous, logical and yet simple de- 
monstrative geometry. 


The Mathematies Section of the Indiana State Teachers Asso- 
ciation met in the Armory at Indianapolis, Indiana, on October 
18th at 2p.m. Mr. Prentice Edwards of Muncie presided. The 
following program was given: ‘‘ Educational Tests—To Stand- 
ardize or Not to Standardize’’—W. D. Reeve, Teachers College. 
Discussion: W. E. Edington, Purdue University, ‘‘The New 
Course of Study in Mathematies’’—Nelle Reed, Peru High 
School. 





The Mathematies Section of the Connecticut State Teachers 
Association held its meeting in Room 26 of the Hopkins Street 
Suilding of the Hartford High School on Friday, October 26th, 
at 2 p.m. Miss Mary G. Worthley, of the Wm. H. Hall High 
School of West Hartford, presided. Over 300 teachers were 
in attendance. 

















THE VISUAL METHOD OF SOLVING ARITHMETIC 
PROBLEMS 


By ARTHUR S. OTIS 
Yonkers, N. Y. 


The problem that is failed most often among the 20 reasoning 
problems in the Otis Arithmetic Reasoning Test? is this: 

If a stick 20 inches long is cut into two pieces so that one piece 
is % as long as the other, how long will the longer piece be? 

In order to best understand this article, you should stop just 
long enough now to work this problem. You might time your- 
self while you solve and check the solution. (You may use 
paper and pencil if you wish.) What answer did you get? The 
most common answer is 134 inches, which of course is wrong. 
If you get that for an answer, you did not check your work. 
You might look at your watch and try again. 

Now I claim that any pupil in the seventh grade, if properly 
trained, should be able to solve that problem in 30 seconds. 
How? This way: He may draw a few lines if necessary to help 
his reasoning, and think: ‘‘First I will draw a line to represent 
the longer piece.’’ He draws any line, thus: 


‘*Now the other piece is to be 24 as long, so I will divide my 
line into thirds (done roughly ) 


| |__|} 


| ' 
and add the other part, making it % as long as this first part.’’ 


|_ 


ene neve |--—_ a oe 


| | 


‘*Now the whole line is 20 inches long, and it is divided into 


- 


equal parts, so that each part is 4% of 20 inches or 4 inches.’’ 


|_ — Be it | a 


a - £° *&+” & ” @ 
‘*The longer piece is 3 X 4 or 12 inches long. The other piece 
is 2 4 or 8 inches long. 8+ 412 and 8=% of 12.’’ 
1 Published by World Book Company, Yonkers-on-Hudson, N. Y. 
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What constitutes the usual souree of error in solving this 


problem? First let us consider how the average person attacks 
it. There are two typical ways. This is the first: ‘‘One piece 
is to be 4 as long as the other. But how long is the other? I 
don’t see how I can find the length of either piece unless I know 
the length of the other. I guess I can’t work it.’’ This is the 
second : ‘‘One piece is to be 34 as long as the other. 4 of 20 is 
13%. The longer piece will be 131% inches long.’ 

Wherein does the failure lie in this reasoning? In both cases 
it is the failure to realize the relationship between the parts and 
the whole. Even the pupil who visualizes the stick as a whole 
may feel helpless to find the point of division for lack of the simple 


20 in. 

knowledge of where to begin the reasoning in order to find out. 
It is of course impossible to solve this problem without in some 
way taking account of the fact that the whole stick consists of 
. parts and that 2 of these constitute the shorter piece and 3 the 
longer piece. The trouble with most people is that they do not 
know how to attack the problem so as to find this number of 
parts (5) into which the whole stick must be thought of as di- 
vided. There are at least three ways in which this may be 
done. One method we might eall abstract arithmetic. It is as 
follows 


(1) The shorter piece is % of the longer. 

(2) The longer piece is 34 of itself. 

(3) The two together are % of the longer piece. 
(4) % of the longer piece = 20. 

(5) %=% of 20—4. 

(6) %=3 X 4=12. 


The second method is just ordinary algebra as follows: 

Let x =the longer piece. 

Then 74x = the shorter piece. 

Then z + %r7 = the whole. 

That is, 542 = 20. 

ox = 60. 

z= 12. 

The third is the visual method we used above. The figure is 
here repeated : 
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longer shorter 


|_—_—-|—-—— —_—|——__— 
4 4 4 4 { 


Ge~ —- a0 - —> 


Let us consider the difficulties of these three ways. First let 
us compare the method of abstract arithmetie with the visual 
method. Let us assume that the first step of each is of the same 
difficulty. Now what is there about writing down the fact that 
the shorter piece is > of the longer that suggests that the next 
step is to write down that the longer piece is 4 of itself? In 
the first place this second step sounds like a platitude. What 
point is there in saying that a thing equals *4 of itself? And in 
the second place it is not suggested in the least by the first step. 

Whereas, suppose we are using the visual method. How ean 
we represent one line (B) as two thirds of another line (A) with- 


Sinan : A > —B > 


out first finding *4 of A by dividing it into 3 parts? You see 
the part of the visual solution that corresponds to step 2 of the 
abstract method is, we might say, automatic. 

Now what is there about the first two steps of the abstract 
method that suggests the third? It is very difficult indeed for 
the pupil to get out of his mind the idea that the length of one 
piece must be gotten from the other. There is little or nothing 
to suggest to a pupil that he think of the two pieces together as 
a number of thirds of either one of them. Whereas, with the 
visual method, when the pupil has drawn the figure shown above, 
the fact that there are 5 equal parts in the stick as a whole 
stares the pupil in the face! 

Another difficulty with step (3) of the abstract method is that 
the pupil has to add fractions, whereas by the visual method he 
merely adds short lines. A short line, when thought of as such, 
is just as much a unity as a long line. Indeed the pupil does 
not need even to add. He ean count! 

In each method of course the pupil must realize (4) that the 
whole stick equals 20 inches, and that he must next find the length 
of one of the parts. These steps are perhaps fairly evident in 
each method. But look at step (5) of the abstract method. 
It says ‘‘%4—=1%.”’ How can'%4—=%? That is just too much 


for most children. Of course it means that 1% of the longer 
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piece equals 44 of the whole. That is just a little more than can 
be kept straight in the minds of most pupils. And why confuse 
them? Look at the pupil’s drawing by the visual method. There 
is nothing but a line 20 units long divided into 5 equal parts. 
How long is one of them? Why % of 20, of course! No thirds 
about it. There is where the secret of the visual method lies 
While you are finding the length of one of the 5 equal parts of 
the whole, you can forget thirds! 

Trying to keep several things in mind at once (thirds of one 
thing and fifths of another) leads to confusion and failure, 
whereas having only one thing to think of at a time (what is 
1. of 20?) makes for clear thinking and success. And of course 


? ? ? ? ? 
20 
having found that each of the 5 equal parts of the whole is 4, it 
is quite obvious that the longer is 3 & 4 or 12 inches long 
longer shorter 
4 4 4 t i 


and the shorter is 2 * 4 or 8 inches long, and that (checking) 
12+ 820 and 8=™% of 12. 

The method of abstract arithmetic therefore consists of a series 
of abstract statements. The second statement not only is not 
suggested by the first but is itself platitudinous. The third is 
not suggested by the second (thus making the start very difficult ) 
And the fifth contains an apparent contradiction that is very 
difficult to comprehend. 

The visual method calls for a drawing to illustrate the given 
statement that one piece of a stick is 24 of the other. The one 
thing the pupil needs to be taught is that it is not necessary to 
begin by drawing the whole line. That is, we may begin by 
drawing either of the unknown parts. A line of any length will 
represent either part. 

If the problem had stated that one piece of the stick was 14 
times the other, then we would naturally begin with the shorter 
and add on another piece 114 times as long. But since the prob- 
lem stated that one piece was °4 as long as the other, we naturally 
hegin with the longer one so we can add on another piece 74 as 
long. 
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Hence it is seen that by the visual method the pupil has merely 


to know that he should make a drawing, and the making of it 
is almost self-directive and, when made, the deductions are al- 
most automatic. All confusing complications are avoided. The 
pupil has but one thing to think of at a time. And the whole 
situation is completely before the eyes of the pupil as he does 
his reasoning. 

The algebraic method is perhaps easier than the abstract arith- 
metie method after one has been taught to ‘‘let 2 equal the un- 
known called for,’’ to express other unknowns in terms of the 
first, to form an equation to express known relationship, and to 
solve the equation by routine methods, using the axioms. 

The main deficiency of the algebraic method is that it is all 
done in the dark, sc to speak. As algebra it lacks the meaning- 
fulness that the visual method carries. It is also mere abstract 
figuring. The equation is solved by rule and not by reason. 

Of course one may carry visualization along with algebra; 
that is, one may accompany his algebraie solution with visual 


imagery or with graphic representation, thus: 





Algebra Visualization 
£ 
1. Let the longer piece. l. Seer ae 
Then So) the shorte) piece. ) Z ’ 2 
. Then r + 247 the whole. j — era 
4. That is, 542 = 20. ‘ —— 3 \- _ 
20 
lar 14a 147 lr 1 
>. laa 4. - id : 
1 1 { { { 
{ t $ 4 4 
0. 2 12 6 


But note that the steps of visualization were themselves suf- 
ficient to effect a solution. So why bother with algebra? The 
point is that if an algebraic solution is accompanied by the sort 
of graphie representation that gives it meaning, the graphic 
representation itself constitutes a method of solution. There- 
fore, for a problem of this kind, algebra is either blind or need- 
less. The visual method has a further advantage over algebra. 
It can be used mentally more easily. That is, with equal practice 
it is easier to visualize a line or two with cross marks than a 
whole set of algebraic equations. 

There are, of course, many other kinds of problems that can 
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Here are some examples: 
1. If aleohol and water are mixed in the ratio of 4 to 3, how 
much aleohol will be needed to make 21 qt. of a mixture? 


be solved visually in this same way. 


2. If a set of drawings are to be engraved 44 of their actual 
size, how long must a drawing be to come down to 8 in. when 
reduced ? 

3. What sum of money placed at interest at 5 percent a year 
for 4 years will amount to $300? 

4. Divide the 32-in. inside vertical measurement of a bookcase 
by two 1-inch shelves so that each shelf space is 1 in. higher than 
the one above it. 

5. Divide $25 between two boys so that one will have $6 more 
than the other. 

6. Divide $27 among three boys so that A will have half as 
much as B and B will have a third as much as C. 

7. What must a merchant charge for an overcoat that cost him 
$21 so he will gain 30 percent of the selling price? 

8. A bottle and cork cost 22 cents. The bottle costs 20 cents 
more than the cork. What does the cork cost? 

9. A turkey weighs 10 lb. and half his own weight. How much 
does he weigh ? 

10. A man paid $4 to get into a gambling place. While in he 
doubled his money, then he paid $4 to get out. He then had 
$10. What did he start with? 

11. How deep a lot 50 ft. wide adjacent to a lot 100 ft. deep 
and 75 ft. wide will make the average depth of the two lots 
125 ft.? 

12. How much alcohol should be added to a 10-qt. mixture 
that is 50 percent alcohol to make it a mixture that is 75 percent 
aleohol ? 

13. How much mixture that is 
added to 10 qt. of a mixture that is 50 percent alcohol to make 
a mixture that is 60 percent alcohol? 

14. What value of goods (cost price) must be sold at a margin 
of 50 percent to make up for $5,000 worth (cost price) sold at 
a margin of 20 percent to make the average margin 30 percent? 

15. What sum at 10 percent interest with $700 at 7 percent 
will yield 8 percent on the whole? 

16. What amount of chocolate at 150° must be added to 2 cups 
at 90° to bring the mixture up to 110°? 


7 


5 percent aleohol should be 














SOLVING ARITHMETIC PROBLEMS 489 


17. I’ve worked 50 weeks at $60 a week. How many weeks 
must I work at $100 a week to bring my average up to $75 a 
week? Solve mentally. 

18. How much water must be distilled from a mixture that is 
60 percent syrup to make it 80 percent syrup? 


19. How much mass moving at 50 ft. a second will be re- 
quired to strike a mass of 100 lb. at rest so that the whole mass 
will move at 20 ft. a second? (Mass X vel. == mass X vel.) 

20. What sum at 10 percent plus $500 at 5 percent plus $700 
at 7 percent will yield an average interest of 8 percent? 


NOMINATION FOR NEw MEMBERS OF THE BOARD OF DIRECTORS 


All members of the National Council of Teachers of Mathe- 
matics are invited and urged to send to the Secretary-Treasurer 
their suggestions of nominees for the offices of Second Vice-Presi- 
dent and three members of the Board of Directors to be eleeted 
at the Annual Meeting to be held in February, 1929. Please 
use the blank form below: 


Second Vice-President: Nominee — — 


Three Members of Board: Nominees - 


Mail this list of nominees to the Seeretary-Treasurer, J. A. 
Foberg, State Teachers College, California, Penna. 


The program of the Mathematics Section of the Association 
of Teachers in the Middle States and Maryland at the Atlantic 
City High School on December Ist is given below: 

The Mathematical Prerequisites for Freshmen College Work. 

Professor A. R. Congdon, University of Nebraska. 

Round Table Discussion—New Methods in Teaching Geometry. 











NEWS NOTES 


The Third 


erating) was held at lowa City on October 12th and 13th. 


Annual Conference of Teachers of 


Mathematics 
in connection with the University of lowa Extension Division 
(College of Education and Department of Mathematics Coop- 


The 


programs for the various sessions are as follows: 


FRIDAY MORNING, OCTOBER 12 
North Room, Old Capitol 
H. L. Rierz, presiding 
Professor of Mathematics 
Address: A Method of 
Dealing with Individual 
Differences without 


9:30 A.M. 


Classification 


ELSIE PARKER JOHNSON 
Oak Park High School, Oak Park, 
Lllinois 
10:00 a.m. Address: Some Points 


concerning the Selection 
of a Text in Plane Ge 
ometry 
L. E, MENSENKAMP 
Freeport High School, 
Illinois 
Roots of Real and Com- 
plex Numbers 
J. F. REILLY 


Associate Professor of Mathematics 


Freeport 


10:30 A.M. 


Discussion 
FRIDAY AFTERNOON, OCTOBER 12 
North Room, Old Capitol 
R. P. BAKER, presiding 
Associate Professor of Mathematics 
1:30 p.m. Address: Present 
Trends in the Teaching 


of Elementary Mathe- 
matics 
U. G. MITCHELL 
Professor of Mathematics, Univer- 
sity of Kansas 
2:00 pm. Address: Geometry 
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Tests and Drills 
RUTH 


University High School 


LANE 


Discussion 

3:00 P.M. Symposium 
FRIDAY EVENING, OCTOBER 12 
Iowa Memorial Union 
6:00 pM. Conference dinner, fol 
lowed by a talk by Mr. 
U. G. Mitchell on ‘‘ Po 
etical Geography with 
Rules of Arithmetic in 
Rhyme’’ and by an in 
formal symposium 


RoscoE Woops, toastmaster 


Assistant Professor of Mathematics 
SATURDAY MORNING, OCTOBER 13 
North Room, Old Capitol 


E, W. CHITTENDEN, presiding 
Professor of Mathematics 
9:30 A.M. Classification 
according to Ability in 
First Year Algebra 
Mr. L. E. MENSENKAMP 
10:00 A.M. 


Address: 


Address: Adapting the 
More Difficult Parts of 
Geometry to High 
School Pupils 
Mrs. JOHNSON 
Address: A 
Point 


10:30 A.M. Different 

of View in the 
Teaching of Elementary 
Geometry 

Mr. MITCHELL 
Discussion 


























Today the Test’s the Thing 


Bartlett and others 


’ % 
ALG E BR A 

a) T a! eg a y % ‘’ ‘ ‘ ‘ 

REVIEW EXERCISES 
This new book consisting of exercises on the main topics 
of algebra, of cumulative reviews, and of typical examina- 
tions is especially adapted to preparation for College- 
Entrance Examinations. It can be used with profit 
either as a supplementary text or as a final review at the 


end of the course. Compiled by six experienced teachers. 
$1.00, subject to discount. 


Smith-Reeve-Morss 
% 7 “ ’ a! _ a! T ° ry. ~ ryt ‘ 
These time-saving pads measure past achievement, diag- 
nose specific weak spots, and drill for further progress. 
The tests are of the type most approved by modern ex- 
perts; they are easy to give, and require no special tech- 
nique on the part of the teacher. The pads are available 


in the following subjects. The prices quoted are subject 
to discount. 


IN ALGEBRA THROUGH QUADRATICS, 60c 
IN PLANE GEOMETRY, 48c 
IN JUNIOR HIGH SCHOOL MATHEMATICS 


PART I, 48e 
PART II, 48c 


GINN AND COMPANY 


Boston New York Chicago Atlanta 
Dallas Columbus San Francisco 
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Made of light, durable 
Bakelite. Outside metal 
parts all 14-karat gold 
filled. It propels, repels 
and expels the leads. 
Large eraser and cham- 
ber for extra leads. Of 
lifetime durability. 





"Eis 


remarkable pencil calculator 
is invaluable to the modern 


mathematics teacher” 


Reduce drudgery—make yourself a present 


of this scientific pocket instrument now. 


HE Multi-Vider is a convenient slide rule and fine automatic 

pencil combined. It is always ready, in pocket or handbag: 
you shift the magic Bakelite scales and instantly a host of prob- 
lems are solved — rankings, proportions, weightings for quizzes: in 
classroom or out, you can check, multiply, divide - do in a few 
seconds what in the old w ay would take many minutes. 

Instructors in teaching methods are enthusiastic about th 
Multi-Vider: * Here is the logical method to introduce the 


modern study of instruments.” 


The mathematician’s Xmas gift 

Business men, engineers, scientists — in a few minutes anvbody, 
from high-school age on, can become a rapid calculator with this 
simple instrument. The youth floundering helplessly in his math- 
ematics or sciences receives a new stimulus — for anyone who has 
figuring to do, time is saved, new interest in your subject created. 

You will want to have the Multi-Vider for yourself at once. 
Tell your colleagues about this offer. If your dealer doesn’t have 


the Multi-Vider yet, order with the coupon 


MULTI-VIDER 
Multiplies - Divides 


INTRODUCTORY OFFER 


RUXTON MULTI-VIDER CORPORATION 
2445 Graybar Bldg., New York, N. Y. 


Send me Multi-Vider Pencil with New Instruction Booklet. 


* or , 
I enclose $6 (less 20/0c)—for each Multi-Vider ordered. 
Name.... 
Address 
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_ Two Books Every Mathematics Teacher 
Should Know 


1. A Tentative List of Objectives in the Teaching of Junior High 
School Mathematics by Raleigh Schorling. Recognized as a basic 
study of the curriculum and now used in many teacher training 
classes. 


Price $1.20 per copy. 


2. Practice Exercises for Accuracy in the Fundamentals of Arithmetic 
by Raleigh Schorling, John R. Clark, and Mary Potter. Adjusted 
for Three Levels of Ability. For Students in Commercial Courses, 
Industrial Arts, Night Schools, and for Students who have Dithculty 
in Mastering the Fundamentals in Standard Schools. 





Price 32c per copy, 29c in lot of 100, 24c per copy in lot of 500 or more. 


Published by George Wahr 
Ann Arbor, Michigan 





























ENRICHED TEACHING OF MATHEMATICS 
| IN THE HIGH SCHOOL 


A Source Book for Teachers of Mathematics Listing Chiefly Free and Low Cost 
Illustrative and Supplementary Materials 


By MAXIE N. WOODRING, Associate Professor of Education, 
Teachers College, Columbia University 


and VERA SANFORD, Teacher of Mathematics, Lincoln School, 
Teachers College, Columbia University 





rhis source bcok gives lists of materials that will illustrate and enrich high 
school mathematics, will connect it with real situations, will provide problems 
for group projects and independent study by individual pupils, and will offer 
interesting suggestions for extra-classroom activities. The items are arranged 
for practical use, and each is listed under a descriptive title with the addres 
of the source and a statement of the price, if not free, followed by a caretul 
annotation as to its nature. A blank page is inserted at the end of each divi- 
sion in order that new materials may be adced by the teacher from time to 
time, thus making of the handbook an evergrowing and cumulative ‘work list.” 
CONTENTS 
Materials for the Study of Special Topics; Extra-Curricular Activities; Practice 
Tests and Exercises; Materials Primarily for Teachers; Equipment for the 
Mathematics Classroom; Miscellaneous Items. 
These lists will be useful to teachers in the seventh and eighth grades as 
well as to those in junior and senior high schocls. 
136 pages. Cloth bound. Price $1.50 
Bureau of Publications 


Teachers College, Columbia University, New York City 











ARITHMETIC 
PRACTICE BOOKS 


For grades 3-8 


By C. B. BENson and A. R. JENSEN 





HESE six tablets contain brief diagnostic lessons for determining a pupil's individual 

weaknesses and then longer, remedial lessons to correspond to each of the lessons in 
the diagnostic section. The character of the work covered is as follows: drill on the four 
fundamental processes with integers, fractions, decimals, and denominate numbers; various 
phases of work with percentage; problems involving interest, discount, etc.; lessons on men 
suration; work with board measure; practice in reading gas meters, etc.; lessons on the 
metric system, foreign money, square root, and various kinds of graphs. 


These pads have been prepared for use with any basal text in elementary arithmetic. The 
sheets are perforated and may be torn out for class use. Each pad carries administrative 
instruction to the teacher. Each $0.48. 


THE MACMILLAN COMPANY 


New York Boston Chicago Dallas Atlanta San Francisco 


























